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Abstract
Geometric Nonlinear Control for Multiple Cooperative Quadrotor UAVs
Transporting a Rigid Body
This dissertation presents nonlinear tracking control systems for quadrotor unmanned
aerial vehicles (UAV) under the influence of uncertainties. Assuming that there exist
unstructured disturbances in the translational dynamics and the attitude dynamics, a
geometric nonlinear adaptive controller is developed directly on the special Euclidean
group. In particular, a new form of an adaptive control term is proposed to guaran-
tee stability while compensating the effects of uncertainties in quadrotor dynamics.
Next, we derived a coordinate-free form of equations of motion for a complete model
of a quadrotor UAV with a payload which is connected via a flexible cable according
to Lagrangian mechanics on a manifold. The flexible cable is modeled as a system of
serially-connected links and has been considered in the full dynamic model. A geo-
metric nonlinear control system is presented to asymptotically stabilize the position
of the quadrotor while aligning the links to the vertical direction below the quadrotor.
Finally, we focused on the dynamics and control of arbitrary number of quadrotor
UAVs transporting a rigid body payload. The rigid body payload is connected to
quadrotors via flexible cables. It is shown that a coordinate-free form of equations
of motion can be derived for arbitrary numbers of quadrotors and links according to
Lagrangian mechanics on a manifold. A geometric nonlinear controller is presented to
transport the rigid body to a fixed desired position while aligning all of the links along
the vertical direction. Numerical simulation and experimental results are presented
and rigorous mathematical stability analysis are provided. These results will be par-
ticularly useful for aggressive load transportation that involves large deformation of
the cable.
v
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Chapter 1: Introduction
1.1 Motivation
Quadrotor unmanned aerial vehicles (UAVs) are becoming increasingly pop-
ular. They offer flight characteristics comparable to traditional helicopters,
namely stationary, vertical, and lateral flights in a wide range of speeds, with
a much simpler mechanical structure. With their small-diameter rotors driven
by electric motors, these multi-rotor platforms are safer to operate than heli-
copters in indoor environments. Also, they have sufficient payload transporting
capability and flight endurance for various missions [1, 2, 3, 4]. UAVs have
been studied for different applications such as surveillance or mobile sensor
networks as well as for educational purposes. Quadrotors are very popular
due to their dynamic simplicity, maneuverability and high performance. Areal
transportation of a cable-suspended load has been studied traditionally for
helicopters [5, 6]. Recently, small-size single or multiple autonomous vehicles
are considered for load transportation and deployment [7, 8, 9, 10], and trajec-
tories with minimum swing and oscillation of payload are generated [11, 12, 13].
Safe cooperative transportation of possibly large or bulky payloads is ex-
tremely important in various missions, such as military operations, search and
rescue, mars surface explorations and personal assistance.
Figure 1: Arial payload transportation
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However, these results are based on the common and restrictive assumption
that the cable connecting the payload to the quadrotor UAV is always taut
and rigid. Also, the dynamic of the cable and payload are ignored and they
are considered as bounded disturbances to the transporting vehicle. There-
fore, they cannot be applied to aggressive, rapid load transportations where
the cable is deformed or the tension along the cable is low, thereby restricting
its applicability. As such, it is impossible to guarantee safety operations.
It is challenging to incorporate the effects of a deformable cable, since
the dimension of the configuration space becomes infinite. Finite element
approximation of a cable often yields complicated equations of motion that
make dynamic analysis and controller design extremely difficult.
1.2 Literature Review
Several control systems have been proposed for quadrotors. In many cases, dis-
turbances and uncertainties are eliminated in the model for simplicity. There
are other limitations of quadrotor control systems, such as complexities in con-
troller structures or lack of stability proof. For example, tracking control of a
quadrotor UAV has been considered in [14, 15], but the control system in [14]
has a complex structure since it is based on a multiple-loop backstepping ap-
proach, and no stability proof is presented in [15]. Robust tracking control
systems are studied in [16, 17], but the quadrotor dynamics is simplified by
considering planar motion only [16], or by ignoring the rotational dynamics by
timescale separation assumption [17].
In other studies, disturbances and uncertainties have been considered into
the dynamics of the quadrotors [18, 19, 20, 21]. Several controllers have been
2
designed and presented to eliminate these disturbances such as PID [22], sliding
mode [23], or robust controllers [24]. In one example, proportional-derivative
controllers are developed with consideration of blade flapping for operations
under wind disturbances [25]. A backstepping control method is proposed
in [26] by considering an aggressive perturbation with bounded signals. These
approaches have certain limitations on handling uncertainties. For example,
it is well known that sliding mode controller causes chattering problems that
may excite high-frequency unmodeled dynamics. Nonlinear robust tracking
control systems in [27, 28] guarantee ultimate boundedness of tracking errors
only, and they are also prone to chattering if the required ultimate bound is
smaller. PID controllers are adopted widely, but it is required that the uncer-
tainties are fixed.
Due to the limitations mentioned above, adaptive controllers have been de-
veloped [29, 30, 31, 32]. Although adaptive controllers compensate the effects
of disturbances and uncertainties for quadrotor controls, most of the studies
are based on linearization [29, 30] or simplification [31, 32]. In [31] only the
constant external disturbances is considered into the system dynamics and
the stability analysis. In [32] an adaptive block backstepping controller is
presented to stabilize the attitude of a quadrotor, however this method only
guarantees the boundedness of errors. A nonlinear adaptive state feedback
controller is also presented in [33], where the proposed controller only assumes
constant known disturbance forces. An adaptive sliding mode controller is
developed for under-actuated quadrotor dynamics in [34]. This controller uses
slack variables to overcome the under-actuated property of a quadrotor system
while simplifying the dynamics to reduce the higher-order derivative terms
which makes it very sensitive to the noise. A robust adaptive control of a
3
quadrotor is also presented in [35], where linear-in-the-parameter uncertain-
ties and bounded disturbances are considered. These simplifications [31, 33],
linearization [29, 30], and assumptions [32] in the dynamics and controller de-
sign process of adaptive controllers restrict the quadrotor to maintain complex
or aggressive missions such as a flipping maneuver [35].
The other critical issue in designing controllers for quadrotors is that they
are mostly based on local coordinates. Local coordinates such as Euler an-
gles and quaternions produce singularities and the dynamic model needs to be
examined and studied more explicitly [36]. For quadrotor UAV’s dynamics,
some aggressive maneuvers are demonstrated at [37] which are based on Eu-
ler angles. Therefore they involve complicated expressions for trigonometric
functions, and they exhibit singularities in representing quadrotor attitudes,
thereby restricting their ability to achieve complex rotational maneuvers sig-
nificantly. A quaternion-based feedback controller for attitude stabilization
was shown in [38]. By considering the Coriolis and gyroscopic torques ex-
plicitly, this controller guarantees exponential stability. Quaternions do not
have singularities but, as the three-sphere double-covers the special orthogo-
nal group, one attitude may be represented by two antipodal points on the
three-sphere. This ambiguity should be carefully resolved in quaternion-based
attitude control systems, otherwise they may exhibit unwinding, where a rigid
body unnecessarily rotates through a large angle even if the initial attitude
error is small [39]. To avoid these, an additional mechanism to lift attitude
onto the unit-quaternion space is introduced [40].
The dynamics of a quadrotor UAV is globally expressed on the special Eu-
clidean group, SE(3), and nonlinear control systems are developed to track
4
outputs of several flight modes [41]. There are also several studies using
the estimations for dynamical objects developed on the special Euclidean
group [42, 43, 44]. Several aggressive maneuvers of a quadrotor UAV or space-
crafts are demonstrated based on a hybrid control architecture, and a nonlinear
robust control system is also considered in [27, 45]. As they are directly devel-
oped on the special Euclidean/Orthogonal group, complexities, singularities,
and ambiguities associated with minimal attitude representations or quater-
nions are completely avoided [46, 47, 48].
In most of the prior works, the dynamics of aerial transportation has been
simplified due to the inherent dynamic complexities. For example, it is as-
sumed that the dynamics of the payload is considered completely decoupled
from quadrotors, and the effects of the payload and the cable are regarded as
arbitrary external forces and moments exerted to the quadrotors [11, 12, 13],
thereby making it challenging to suppress the swinging motion of the payload
actively, particularly for agile aerial transportations.
Recently, the coupled dynamics of the payload or cable has been explicitly
incorporated into control system design [49]. In particular, a complete model
of a quadrotor transporting a payload modeled as a point mass, connected via
a flexible cable is presented, where the cable is modeled as serially connected
links to represent the deformation of the cable [2]. In another distinct study,
multiple quadrotors transporting a rigid body payload has been studied [50],
but it is assume that the cables connecting the rigid body payload and quadro-
tors are always taut. These assumptions and simplifications in the dynamics of
the system reduce the stability of the controlled system, particularly in rapid
and aggressive load transportation where the motion of the cable and payload
5
is excited nontrivially.
1.3 Proposed Approches
Geometric nonlinear controllers are developed to follow an attitude tracking
command and a position tracking command. In particular, a new form of
an adaptive control term is proposed to guarantee asymptotical convergence
of tracking error variables when there exist uncertainties at the translational
dynamics and the rotational dynamics of quadrotors. The corresponding sta-
bility properties are analyzed mathematically, and they are verified by several
experiments [51]. The robustness of the proposed tracking control systems are
critical in generating complex maneuvers, as the impact of the several aero-
dynamic effects resulting from the variation in air speed is significant even at
moderate velocities [25].
A coordinate-free form of the equations of motion for a chain pendulum
connected a cart that moves on a horizontal plane is presented according to
Lagrangian mechanics on a manifold [52]. The cable is modeled as an arbitrary
number of links with different sizes and masses that are serially-connected by
spherical joints. The resulting configuration manifold is the product of the
special Euclidean group for the position and the attitude of the quadrotor,
and a number of two-spheres that describe the direction of each link. We
present Euler-Lagrange equations of the presented quadrotor model that are
globally defined on the nonlinear configuration manifold.
The coupled dynamics of the payload or cable has been explicitly incor-
porated into control system design [49]. In particular, a complete model of
a quadrotor transporting a payload modeled as a point mass, connected via
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a flexible cable is presented. In another distinct study, multiple quadrotors
transporting a rigid body payload has been studied [50], but it is assumed
that the cables connecting the rigid body payload and quadrotors are always
taut. These assumptions and simplifications in the dynamics of the system
reduce the stability of the controlled system, particularly in rapid and aggres-
sive load transportation where the motion of the cable and payload is excited
nontrivially.
Quadrotor UAV is under-actuated as the direction of the total thrust is
always fixed relative to its body. By utilizing geometric control systems for
quadrotor [41, 28, 45], we show that the hanging equilibrium of the links
can be asymptotically stabilized while translating the quadrotor to a desired
position. In contrast to existing papers where the force and the moment
exerted by the payload to the quadrotor are considered as disturbances, the
control systems proposed in this work explicitly consider the coupling effects
between the cable/load dynamics and the quadrotor dynamics.
1.4 Contributions
The first distinct feature of the proposed approach is that the equations of
motion and the control systems are developed directly on the nonlinear config-
uration manifold in a coordinate-free fashion. This yields remarkably compact
expressions for the dynamic model and controllers, compared with local coor-
dinates that often require symbolic computational tools due to complexity of
multi-body systems. Furthermore, singularities of local parameterization are
completely avoided to generate agile maneuvers in a uniform way.
This work presents a rigorous Lyapunov stability analysis to establish sta-
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bility properties without any timescale separation assumptions or singular per-
turbation, and a new nonlinear integral and adaptive control term are designed
to guarantee robustness against unstructured uncertainties in both rotational
and translational dynamics.
The other distinct contribution of this dissertation is presenting the com-
plete dynamic model of an arbitrary number of quadrotors transporting a rigid
body where each quadrotor is connected to the rigid body via a flexible cable.
Each flexible cable is modeled as an arbitrary number of serially connected
links, and it is valid for various masses and lengths. A coordinate free form of
equations of motion is derived according to Lagrange mechanics on a nonlinear
manifold for the full dynamic model. These sets of equations of motion are
presented in a complete and organized manner without any simplification.
Another contribution of this study is designing a control system to sta-
bilize the rigid body at desired position. Geometric nonlinear controller is
utilized [41, 28, 45], and they are generalized for the presented model. More
explicitly, we show that the rigid body payload is asymptotically transported
into a desired location, while aligning all of the links along the vertical direc-
tion corresponding to a hanging equilibrium.
The unique property of the proposed control system is that the nontrivial
coupling effects between the dynamics of rigid payload, flexible cables, and
multiple quadrotors are explicitly incorporated into control system design,
without any simplifying assumption. Also, the equations of motion and the
control systems are developed directly on the nonlinear configuration manifold
intrinsically. Therefore, singularities of local parameterization are completely
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avoided to generate agile maneuvers of the payload in a uniform way. In short,
the proposed control system is particularly useful for rapid and safe payload
transportation in complex terrain, where the position of the payload should
be controlled concurrently while suppressing the deformation of the cables.
1.5 Publications
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Control of a Quadrotor UAV on SO(3), in Proceeding of European Control
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Chapter 2-Quadrotor Autonomous Trajectory Tracking
In this chapter, we present a complete model of a quadrotor transporting a payload
connecting with a flexible cable. The flexible cable is modeled as an arbitrary num-
ber of serially connected links. Geometric nonlinear controller presented for the full
dynamic model considering the coupling effects of payload and the cable.
New contributions and the unique features of the control system proposed in this
chapter compared with other studies are as follows: (i) it is developed for the full
six degrees of freedom dynamic model of a quadrotor UAV on SE(3), including the
coupling effects between the translational dynamics and the rotational dynamics on a
nonlinear manifold without any simplification or assumptions, (ii) the control systems
are developed directly on the nonlinear configuration manifold in a coordinate-free
fashion. Thus, singularities of local parameterization are completely avoided to gener-
ate agile maneuvers in a uniform way, (iii) a rigorous Lyapunov analysis is presented
to establish stability properties without any timescale separation assumption, and
(iv) a new form of an adaptive control term is proposed to guarantee asymptotical
convergence of tracking error variables in the presence of uncertainties, (v) in contrast
to hybrid control systems [53], complicated reachability set analysis is not required
to guarantee safe switching between different flight modes, as the region of attraction
for each flight mode covers the configuration space almost globally, (vi) the proposed
algorithm is validated with experiments for agile maneuvers. A rigorous mathemat-
ical analysis of nonlinear adaptive controllers for a quadrotor UAV on SE(3) with
experimental validations for complex and aggressive maneuvers is unprecedented.
The chapter is organized as follows. We develop a globally defined model for a
quadrotor UAV in Section 2.1. Adaptive tracking control systems are developed in
Sections 2.2 and 2.3, followed by numerical examples in Section 2.4.
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2.1 Quadrotor Dynamic Model
Consider a quadrotor UAV model illustrated in Figure 2. We choose an inertial
reference frame {~e1, ~e2, ~e3} and a body-fixed frame {~b1,~b2,~b3}. The origin of
the body-fixed frame is located at the center of mass of this vehicle. The first
and the second axes of the body-fixed frame, ~b1,~b2, lie in the plane defined by
the centers of the four rotors.
~e1
~e2
~e3
~b1
~b2
~b3
f1
f2
f3
f4
x R
Figure 2: Quadrotor model
The configuration of this quadrotor UAV is defined by the location of the
center of mass and the attitude with respect to the inertial frame. Therefore,
the configuration manifold is the special Euclidean group SE(3), which is the
semi-direct product of R3 and the special orthogonal group SO(3) = {R ∈
R3×3 |RTR = I, detR = 1}.
The mass and the inertial matrix of a quadrotor UAV are denoted by
m ∈ R and J ∈ R3×3. Its attitude, angular velocity, position, and velocity are
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defined by R ∈ SO(3), Ω, x, v ∈ R3, respectively, where the rotation matrix
R represents the linear transformation of a vector from the body-fixed frame
to the inertial frame and the angular velocity Ω is represented with respect to
the body-fixed frame. The distance between the center of mass to the center
of each rotor is d ∈ R, and the i-th rotor generates a thrust fi and a reaction
torque τi along −~b3 for 1 ≤ i ≤ 4. The magnitude of the total thrust and
the total moment in the body-fixed frame are denoted by f ∈ R, M ∈ R3,
respectively.
The following conventions are assumed for the rotors and propellers, and
the thrust and moment that they exert on the quadrotor UAV. We assume
that the thrust of each propeller is directly controlled, and the direction of the
thrust of each propeller is normal to the quadrotor plane. The first and third
propellers are assumed to generate a thrust along the direction of −~b3 when
rotating clockwise; the second and fourth propellers are assumed to generate a
thrust along the same direction of −~b3 when rotating counterclockwise. Thus,
the thrust magnitude is f =
∑4
i=1 fi, and it is positive when the total thrust
vector acts along −~b3, and it is negative when the total thrust vector acts
along ~b3. By the definition of the rotation matrix R ∈ SO(3), the direction
of the i-th body-fixed axis ~bi is given by Rei in the inertial frame, where
e1 = [1; 0; 0], e2 = [0; 1; 0], e3 = [0; 0; 1] ∈ R3. Therefore, the total thrust
vector is given by −fRe3 ∈ R3 in the inertial frame.
We also assume that the torque generated by each propeller is directly
proportional to its thrust. Since it is assumed that the first and the third pro-
pellers rotate clockwise and the second and the fourth propellers rotate coun-
terclockwise to generate a positive thrust along the direction of −~b3, the torque
generated by the i-th propeller about ~b3 can be written as τi = (−1)icτffi for
a fixed constant cτf . All of these assumptions are fairly common in many
12
quadrotor control systems [38, 54].
Under these assumptions, the thrust of each propeller f1, f2, f3, f4 is di-
rectly converted into f and M , or vice versa. In this paper, the thrust magni-
tude f ∈ R and the moment vector M ∈ R3 are viewed as control inputs. The
corresponding equations of motion are given by
x˙ = v, (1)
mv˙ = mge3 − fRe3 +Wx(x, v, R,Ω)θx, (2)
R˙ = RΩˆ, (3)
JΩ˙ + Ω× JΩ = M +WR(x, v, R,Ω)θR, (4)
where the hat map ·ˆ : R3 → SO(3) is defined by the condition that xˆy = x× y
for all x, y ∈ R3. More explicitly, for a vector x = [x1, x2, x3]T ∈ R3, the matrix
xˆ is given by
xˆ =

0 −x3 x2
x3 0 −x1
−x2 x1 0
 . (5)
This identifies the Lie algebra SO(3) with R3 using the vector cross product in
R3. The inverse of the hat map is denoted by the vee map, ∨ : SO(3)→ R3.
The modeling error and uncertainties in the translational dynamics and the
rotational dynamics are given by Wx(x, v, R,Ω)θx, and WR(x, v, R,Ω)θR, re-
spectively. Where Wx(x, v, R,Ω),WR(x, v, R,Ω) ∈ R3×P are known functions
of the state, and θx, θR ∈ RP×1 are fixed unknown parameters. It is assumed
that the bounds of unknown parameters are given by
‖Wx‖ ≤ BWx , ‖θx‖ ≤ Bθ, ‖θR‖ ≤ Bθ, (6)
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for BWx , Bθ > 0. Throughout this chapter, λm(A) and λM(A) denote the
minimum eigenvalue and the maximum eigenvalue of a square matrix A, re-
spectively, and λm and λM are the minimum eigenvalue and the maximum
eigenvalue of the inertia matrix J . i.e., λm = λm(J) and λM = λM(J). The
two-norm of a matrix A is denoted by ‖A‖. The standard dot product in Rn
is denoted by ·, i.e., x · y = xTy for any x, y ∈ Rn.
2.2 Attitude Controlled Flight Mode
Since the quadrotor UAV has four inputs, it is possible to achieve asymptotic
output tracking for at most four quadrotor UAV outputs. The quadrotor
UAV has three translational and three rotational degrees of freedom; it is not
possible to achieve asymptotic output tracking of both attitude and position of
the quadrotor UAV. This motivates us to introduce two flight modes, namely
(1) an attitude controlled flight mode, and (2) a position controlled flight
mode. While a quadrotor UAV is under-actuated, a complex flight maneuver
can be defined by specifying a concatenation of flight modes together with
conditions for switching between them. This will be further illustrated by a
numerical example and experimental results later. In this section, the attitude
controlled flight mode is considered.
2.2.1 Attitude Tracking Errors
Suppose that a smooth attitude command Rd(t) ∈ SO(3) satisfying the fol-
lowing kinematic equation is given:
R˙d = RdΩˆd, (7)
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where Ωd(t) ∈ R3 is the desired angular velocity, which is assumed to be uni-
formly bounded. We first define errors associated with the attitude dynamics
as follows [55, 56].
Proposition 1 For a given tracking command (Rd,Ωd), and the current attitude and
angular velocity (R,Ω), we define an attitude error function Ψ : SO(3)× SO(3)→ R,
an attitude error vector eR ∈ R3, and an angular velocity error vector eΩ ∈ R3 as
follows [56]:
Ψ(R,Rd) =
1
2
tr
[
G(I −RTdR)
]
, (8)
eR =
1
2
(GRTdR−RTRdG)∨, (9)
eΩ = Ω−RTRdΩd, (10)
where the matrix G ∈ R3×3 is given by G = diag[g1, g2, g3] for distinct, positive
constants g1, g2, g3 ∈ R. Then, the following properties hold:
(i) Ψ is positive-definite about R = Rd.
(ii) The directional derivative of Ψ with respect to R along δR = Rηˆ for any η ∈ R3
is given by
d
d
∣∣∣∣
=0
Ψ(R exp(ηˆ), Rd) = eR · η. (11)
(iii) The critical points of Ψ, where eR = 0, are {Rd} ∪ {Rd exp(pisˆ), s ∈ S2}, where
S2 = {s ∈ R3 | ‖s‖ = 1}.
(iv) A lower bound of Ψ is given as follows:
b1‖eR‖2 ≤ Ψ(R,Rd), (12)
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where the constant b1 is given by b1 =
h1
h2+h3
for
h1 = min{g1 + g2, g2 + g3, g3 + g1},
h2 = max{(g1 − g2)2, (g2 − g3)2, (g3 − g1)2},
h3 = max{(g1 + g2)2, (g2 + g3)2, (g3 + g1)2}.
(v) Let ψ be a positive constant that is strictly less than 2. If Ψ(R,Rd) < ψ < h1,
then an upper bound of Ψ is given by
Ψ(R,Rd) ≤ b2‖eR‖2, (13)
where the constant b2 is given by b2 =
h1h4
h5(h1−ψ) for
h4 = max{g1 + g2, g2 + g3, g3 + g1},
h5 = min{(g1 + g2)2, (g2 + g3)2, (g3 + g1)2}.
(vi) The time-derivative of Ψ and eR satisfies:
Ψ˙ = eR · eΩ, ‖e˙R‖ ≤ ‖eΩ‖. (14)
Proof 1 See Appendix A.1 .
2.2.2 Attitude Tracking Controller
We now introduce a nonlinear controller for the attitude controlled flight mode:
M =− kReR − kΩeΩ −WRθ¯R + (RTRdΩd)∧JRTRdΩd + JRTRdΩ˙d, (15)
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and adaptive law
˙¯θR = γRW
T
R(eΩ + c2eR), (16)
where kR, kΩ, c2, γR are positive constants and θ¯R ∈ Rp denotes the estimated
value of θR. The adaptive gains for eΩ and eR correspond to γR and c2γR,
respectively.
The control moment is composed of proportional, derivative, and adaptive
terms, augmented with additional terms to cancel out the angular acceleration
caused by the desired angular velocity.
Proposition 2 (Attitude Controlled Flight Mode) Consider the control moment M
defined in (15)-(16). For positive constants kR, kΩ, the constants c2, B2 are chosen
such that
‖(2J − tr[J ]I)‖‖Ωd‖ ≤ B2, (17)
c2 < min
{√
kRλm
λM
,
4kΩ
8kRλM + (kΩ +B2)2
}
, (18)
Then, the zero equilibrium of tracking errors and the estimation errors is stable in
the sense of Lyapunov, and eR, eΩ → 0 as t→∞. Furthermore the estimation error,
θ˜R = θR − θ¯R, is uniformly bounded.
Proof 2 See Appendix A.2 .
While these results are developed for the attitude dynamics of a quadro-
tor UAV, they can be applied to the attitude dynamics of any rigid body.
Nonlinear adaptive controllers have been developed for attitude stabilization
in terms of modified Rodriguez parameters [57] and quaternions [58], and for
attitude tracking in terms of Euler-angles [59]. The proposed tracking control
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system is developed on SO(3), therefore it avoids singularities of Euler-angles
and Rodriguez parameters, as well as unwinding of quaternions.
Asymptotic tracking of the quadrotor attitude does not require specifica-
tion of the thrust magnitude. As an auxiliary problem, the thrust magnitude
can be chosen in many different ways to achieve an additional translational mo-
tion objective. For example, it can be used to asymptotically track a quadrotor
altitude command [28]. Since the translational motion of the quadrotor UAV
can only be partially controlled; this flight mode is most suitable for short
time periods where an attitude maneuver is to be completed.
2.3 Position Controlled Flight Mode
We introduce a nonlinear controller for the position controlled flight mode in
this section.
2.3.1 Position Tracking Errors
Suppose that an arbitrary smooth position tracking command xd(t) ∈ R3 is
given. The position tracking errors for the position and the velocity are given
by:
ex = x− xd, ev = e˙x = v − x˙d. (19)
In the position controlled tracking mode, the attitude dynamics is controlled
to follow the computed attitude Rc(t) ∈ SO(3) as illustrated in Figure 3 and
the computed angular velocity Ωc(t) defined as
Rc = [b1c ; b3c × b1c ; b3c ], Ωˆc = RTc R˙c, (20)
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where b3c ∈ S2 is given by
b3c = −
−kxex − kvev −Wxθ¯x −mge3 +mx¨d∥∥−kxex − kvev −Wxθ¯x −mge3 +mx¨d∥∥ , (21)
for positive constants kx, kv and θ¯x ∈ Rp denotes the estimate value of θx. The
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Figure 3: Controller loops
unit vector b1c ∈ S2 is selected to be orthogonal to b3c , thereby guaranteeing
that Rc ∈ SO(3). It can be chosen to specify the desired heading direction,
and the detailed procedure to select b1c is described later at Section 2.3.3.
Following the prior definition of the attitude error and the angular velocity
error given at (9) and (10), and assume that the commanded acceleration is
uniformly bounded:
‖ −mge3 +mx¨d‖ < B1 (22)
for a given positive constant B1. These imply that the given desired position
command is distinctive from free-fall, where no control input is required.
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2.3.2 Position Tracking Controller
The nonlinear controller for the position controlled flight mode, described by
control expressions for the thrust magnitude and the moment vector, are:
f =(kxex + kvev +Wxθ¯x +mge3 −mx¨d) ·Re3, (23)
M =− kReR − kΩeΩ −WRθ¯R + (RTRcΩc)∧JRTRcΩc + JRTRcΩ˙c. (24)
In 23, we can show that the total thrust is always positive. The first term in
this equation is the projection into b3 and while controller works perfectly we
can guarantee that the angle between two terms in 23 is always less than 90
degree and it happens when R is close to Rc. Similar with (16), an adaptive
control law for the position tracking controller is defined as
˙¯θx =

γxW
T
x (ev + c1ex) if ‖θ¯x‖ < Bθ
or ‖θ¯x‖ = Bθ
and θ¯TxW
T
x (ev + c1ex) ≤ 0
γx(I − θ¯xθ¯Txθ¯Tx θ¯x )W
T
x (ev + c1ex) Otherwise
, (25)
for a positive adaptive gain γx and a weighting parameter c1. The correspond-
ing effective adaptive gain for ex corresponds to c1γx. The above expression
correspond adaptive controls with projection [60] and it is included to restrict
the effects of attitude tracking errors on the translational dynamics as shown
in Figure 4
The nonlinear controller given by equations (23), (24) can be given a back-
stepping interpretation. The computed attitude Rc given in equation (20) is
selected so that the thrust axis −b3 of the quadrotor UAV tracks the computed
20
Figure 4: Adaptive control law
direction given by −b3c in (21), which is a direction of the thrust vector that
achieves position tracking. The moment expression (24) causes the attitude
of the quadrotor UAV to asymptotically track Rc and the thrust magnitude
expression (23) achieves asymptotic position tracking.
Proposition 3 (Position Controlled Flight Mode) Suppose that the initial conditions
satisfy
Ψ(R(0), Rc(0)) < ψ1 < 1, (26)
for positive constant ψ1. Consider the control inputs f,M defined in (23)-(24). For
positive constants kx, kv, we choose positive constants c1, c2, kR, kΩ such that
c1 < min
{
4kxkv(1− α)2
k2v(1 + α)
2 + 4mkx(1− α) ,
√
kx
m
}
, (27)
λm(W2) >
‖W12‖2
4λm(W1)
, (28)
and (237) is satisfied, where α =
√
ψ1(2− ψ1), and the matrices W1,W12,W2 ∈ R2×2
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are given by
W1 =
 c1kx(1− α) − c1kv2 (1 + α)
− c1kv
2
(1 + α) kv(1− α)−mc1
 , (29)
W12 =
 c1(BWxBθ +B1) 0
BWxBθ +B1 + kxexmax 0
 , (30)
W2 =
 c2kR − c22 (kΩ +B2)
− c2
2
(kΩ +B2) kΩ − 2c2λM
 . (31)
This implies that the zero equilibrium of the tracking errors and the estimation errors
is stable in the sense of Lyapunov and all of the tracking error variables asymptotically
converge to zero. Also, the estimation errors are uniformly bounded.
Proof 3 See Appendix A.3 .
Proposition 3 requires that the initial attitude error is less than 90◦ in (26).
Suppose that this is not satisfied, i.e. 1 ≤ Ψ(R(0), Rc(0)) < 2. We can still
apply Proposition 2, which states that the attitude error is asymptotically
decreases to zero for almost all cases, and it satisfies (26) in a finite time.
Therefore, by combining the results of Proposition 2 and 3, we can show
attractiveness of the tracking errors when Ψ(R(0), Rc(0)) < 2.
Proposition 4 (Position Controlled Flight Mode with a Larger Initial Attitude Er-
ror) Suppose that the initial conditions satisfy
1 ≤ Ψ(R(0), Rc(0)) < 2, ‖ex(0)‖ < exmax , (32)
for a constant exmax. Consider the control inputs f,M defined in (23)-(24), where the
control parameters satisfy (26)-(28) for a positive constant ψ1 < 1. Then the zero
equilibrium of the tracking errors is attractive, i.e., ex, ev, eR, eΩ → 0 as t→∞.
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Proof 4 See Appendix A.4 .
Linear or nonlinear PID and adaptive controllers have been widely used for
a quadrotor UAV. But, they have been applied in an ad-hoc manner without
stability analysis. This paper provides a new form of nonlinear adaptive con-
troller on SE(3) that guarantees almost global attractiveness in the presence
of uncertainties.
Compared with other PID controllers requiring that uncertain terms should
be fixed, the proposed adaptive control system can handle more general class of
uncertainties. The nonlinear robust tracking control system in [27, 28] provides
ultimate boundedness of tracking errors, and the control input may be prone
to chattering if the required ultimate bound is smaller. Compared with [28],
the control system in this paper guarantees stronger asymptotic stability, and
there is no concern for chattering.
2.3.3 Direction of the First Body-Fixed Axis
As described above, the construction of the orthogonal matrix Rc involves
having its third column b3c specified by (21), and its first column b1c is arbi-
trarily chosen to be orthogonal to the third column, which corresponds to a
one-dimensional degree of choice.
By choosing b1c properly, we constrain the asymptotic direction of the first
body-fixed axis. Here, we propose to specify the projection of the first body-
fixed axis onto the plane normal to b3c . In particular, we choose a desired di-
rection b1d ∈ S2, that is not parallel to b3c , and b1c is selected as b1c = Proj[b1d ],
where Proj[·] denotes the normalized projection onto the plane perpendicular
to b3c . In this case, the first body-fixed axis does not converge to b1d , but it
converges to the projection of b1d , i.e. b1 → b1c = Proj[b1d ] as t→∞. This can
be used to specify the heading direction of a quadrotor UAV in the horizontal
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plane [28].
2.4 Numerical Example
An aggressive flipping maneuver is considered for a numerical simulation. The
quadrotor parameters are chosen as
J =

5.5711 0.0618 −0.0251
0.06177 5.5757 0.0101
−0.02502 0.01007 1.05053
× 10−2 kgm2,
m = 0.755 kg, d = 0.169 m, cτf = 0.1056.
Also, controller parameters are selected as follows: kx = 6.0, kv = 3.0, kR =
0.7, kΩ = 0.12, c1 = 0.1, c2 = 0.1.
In this simulation, initial state of the quadrotor UAV is at a hovering
condition: x(0) = v(0) = Ω(0) = 03×1, and R(0) = I3×3. The desired trajec-
tory is a flipping maneuver where the quadrotor rotates about rotation axis
er = [
√
2
2
,
√
2
2
, 0] by 360◦. This is a complex maneuver combining a nontrivial
pitching maneuver with a yawing motion. It is achieved by concatenating the
following two control modes:
(i) Attitude tracking to rotate the quadrotor (t ≤ 0.375)
Rd(t) = I + sin(4pit)eˆr + (1− cos(4pit))(ereTr − I), Ωd = 4pi · er.
(ii) Trajectory tracking to make it hover after completing the preceding rotation
(0.375 < t ≤ 2)
xd(t) = [0, 0, 0]
T , b1d = [1, 0, 0]
T .
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We considered two cases for this numerical simulation to compare the effect
of the proposed adaptive term in the presence of disturbances. In this numer-
ical simulation we considered a special case of Wx = I3×3 and WR = I3×3.
Two cases are as follows: (i) with adaptive term and (ii) without the adaptive
term, where constant disturbances are defined as
θR = [0.03,−0.06, 0.09]T , θx = [0.25, 0.125, 0.2]T
The switching time is determined as follows. The desired angular velocity
of the first attitude tracking mode is 4pi, which means it requires 0.5 sec for
one revolution but the control mode is switched to trajectory tracking mode
at t = 0.375 sec to compensate rotational inertia. It is also assumed that
the maximum thrust at each rotor is given by fimax = 3.2 N, and any thrust
command above the maximum thrust is saturated to represent the actual
motor limitation in the numerical simulation. Snapshots of the maneuver
~e1
~e2
~e3
Figure 5: Snapshots of a flipping maneuver: the red line denotes the rotation axis
er = [
1√
2
, 1√
2
, 0]. The quadrotor UAV rotates about the er axis by 360
◦. The
trajectory of its mass center is denoted by blue, dotted lines.
are presented at Figure 5 and numerical results are illustrated at Figures 6
and 7, where it is shown that the adaptive terms eliminate the steady state
error. The altitude drop during the flipping maneuver is reduced noticeably.
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Figure 6: Flipping without adaptive term (dotted:desired, solid:actual)
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Figure 7: Flipping with adaptive term (dotted:desired, solid:actual)
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Chapter 3: Quadrotor UAV Transporting a Payload with Flexible
Cable
The main contribution of this chapter is presenting a nonlinear dynamic model and
a control system for a quadrotor UAV with a cable-suspended load, that explicitly
incorporate the effects of deformable cable.
This chapter is organized as follows. In section 3.1, equations of motion in 3D
space for a chain pendulum on a quadrotor are derived. Section 3.2, talks about the
dynamics equation, linearization, and linear control design for a chain pendulum on
a cart moving in 3D. Section 3.3 presents the proposed geometric nonlinear controller
and stability analysis to asymptotically stabilize the chain pendulum on a quadrotor.
In section 3.4, we provide numerical simulations results to validate our work.
3.1 Quadrotor Dynamic Model
Consider a quadrotor UAV with a payload that is connected via a chain of
n links, as illustrated at Figure 22. The inertial frame is defined by the unit
vectors e1 = [1; 0; 0], e2 = [0; 1; 0], and e3 = [0; 0; 1] ∈ R3, and the third axis e3
corresponds to the direction of gravity. Define a body-fixed frame {~b1,~b2,~b3}
whose origin is located at the center of mass of the quadrotor, and its third
axis ~b3 is aligned to the axis of symmetry.
The location of the mass center, and the attitude of the quadrotor are
denoted by x ∈ R3 and R ∈ SO(3), respectively, where the special orthogonal
group is SO(3) = {R ∈ R3×3 |RTR = I3×3, det[R] = 1}. A rotation matrix
represents the linear transformation of a representation of a vector from the
body-fixed frame to the inertial frame.
The dynamic model of the quadrotor is identical to [41]. The mass and
the inertia matrix of the quadrotor are denoted by m ∈ R and J ∈ R3×3,
respectively. The quadrotor can generates a thrust −fRe3 ∈ R3 with respect
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Figure 8: Quadrotor UAV with a cable-suspended load. Cable is modeled as a serial
connection of arbitrary number of links (only 5 are illustrated).
to the inertial frame, where f ∈ R is the total thrust magnitude. It also
generates a moment M ∈ R3 with respect to its body-fixed frame. The pair
(f,M) is considered as control input of the quadrotor.
Let qi ∈ S2 be the unit-vector representing the direction of the i-th link,
measured outward from the quadrotor toward the payload, where the two-
sphere is the manifold of unit-vectors in R3, i.e., S2 = {q ∈ R3 | ‖q‖ = 1}.
For simplicity, we assume that the mass of each link is concentrated at the
outboard end of the link, and the point where the first link is attached to the
quadrotor corresponds to the mass center of the quadrotor. The mass and
the length of the i-th link are defined by mi and li ∈ R, respectively. Thus,
the mass of the payload corresponds to mn. The corresponding configuration
manifold of this system is given by SO(3)× R3 × (S2)n.
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Next, we show the kinematics equations. Let Ω ∈ R3 be the angular
velocity of the quadrotor represented with respect to the body fixed frame,
and let ωi ∈ R3 be the angular velocity of the i-th link represented with
respect to the inertial frame. The angular velocity is normal to the direction
of the link, i.e., qi · ωi = 0. The kinematics equations are given by
R˙ = RΩˆ, (33)
q˙i = ωi × qi = ωˆiqi. (34)
Throughout this chapter, the 2-norm of a matrix A is denoted by ‖A‖, and
the dot product is denoted by x · y = xTy. Also λmin(·) and λmax(·) denotes
the minimum and maximum eigenvalue of a square matrix respectively, and
λm and λM are shorthand for λm = λm(J) and λM = λM(J).
3.1.1 Lagrangian
We derive the equations of motion according to Lagrangian mechanics. The
kinetic energy of the quadrotor is given by
TQ =
1
2
m‖x˙‖2 + 1
2
Ω · JΩ. (35)
Let xi ∈ R3 be the location of mi in the inertial frame. It can be written as
xi = x+
i∑
a=1
laqa. (36)
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Then, the kinetic energy of the links are given by
TL =
1
2
n∑
i=1
mi‖x˙+
i∑
a=1
laq˙a‖2
=
1
2
n∑
i=1
mi‖x˙‖+ x˙ ·
n∑
i=1
n∑
a=i
maliq˙i +
1
2
n∑
i=1
mi‖
i∑
a=1
laq˙a‖2. (37)
From (35) and (37), the total kinetic energy can be written as
T =
1
2
M00‖x˙‖2 + x˙ ·
n∑
i=1
M0iq˙i +
1
2
n∑
i,j=1
Mij q˙i · q˙j + 1
2
ΩTJΩ, (38)
where the inertia values M00,M0i,Mij ∈ R are given by
M00 = m+
n∑
i=1
mi, M0i =
n∑
a=i
mali, Mi0 = M0i,
Mij =

n∑
a=max{i,j}
ma
 lilj, (39)
for 1 ≤ i, j ≤ n. The gravitational potential energy is given by
V = −mgx · e3 −
n∑
i=1
migxi · e3
= −
n∑
i=1
n∑
a=i
maglie3 · qi −M00ge3 · x, (40)
From (38) and (40), the Lagrangian is L = T − V .
3.1.2 Euler-Lagrange equations
Coordinate-free form of Lagrangian mechanics on the two-sphere S2 and the
special orthogonal group SO(3) for various multi-body systems has been stud-
ied in [61, 62]. The key idea is representing the infinitesimal variation of
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R ∈ SO(3) in terms of the exponential map
δR =
d
d
∣∣∣∣
=0
expR(ηˆ) = Rηˆ, (41)
for η ∈ R3. The corresponding variation of the angular velocity is given by
δΩ = η˙ + Ω× η. Similarly, the infinitesimal variation of qi ∈ S2 is given by
δqi = ξi × qi, (42)
for ξi ∈ R3 satisfying ξi · qi = 0. This lies in the tangent space as it is perpen-
dicular to qi. Using these, we obtain the following Euler-Lagrange equations.
Proposition 5 Consider a quadrotor with a cable suspended payload whose Lagrangian
is given by (38) and (40). The Euler-Lagrange equations on R3 × SO(3)× (S2)n are
as follows
M00x¨+
n∑
i=1
M0iq¨i = −fRe3 +M00ge3 + ∆x, (43)
Miiq¨i − qˆ2i (Mi0x¨+
n∑
j=1
j 6=i
Mij q¨j) = −Mii‖q˙i‖2qi −
n∑
a=i
magliqˆ
2
i e3, (44)
JΩ˙ + ΩˆJΩ = M + ∆R, (45)
where Mij is defined at (39). Therefore ∆x and ∆R ∈ R3 are fixed disturbances applied
to the translational and rotational dynamics of the quadrotor respectively. Equations
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(43) and (44) can be rewritten in a matrix form as follows:

M00 M01 M02 · · · M0n
−qˆ21M10 M11I3 −M12qˆ21 · · · −M1nqˆ21
−qˆ22M20 −M21qˆ22 M22I3 · · · −M2nqˆ22
...
...
...
...
−qˆ2nMn0 −Mn1qˆ2n −Mn2qˆ2n · · · MnnI3


x¨
q¨1
q¨2
...
q¨n

=

−fRe3 +M00ge3 + ∆x
−‖q˙1‖2M11q1 −
∑n
a=1 magl1qˆ
2
1e3
−‖q˙2‖2M22q2 −
∑n
a=2 magl2qˆ
2
2e3
...
−‖q˙n‖2Mnnqn −mnglnqˆ2ne3

. (46)
Or equivalently, it can be written in terms of the angular velocities as

M00 −M01qˆ1 −M02qˆ2 · · · −M0nqˆn
qˆ1M10 M11I3 −M12qˆ1qˆ2 · · · −M1nqˆ1qˆn
qˆ2M20 −M21qˆ2qˆ1 M22I3 · · · −M2nqˆ2qˆn
...
...
...
...
qˆnMn0 −Mn1qˆnqˆ1 −Mn2qˆnqˆ2 · · · MnnI3


x¨
ω˙1
ω˙2
...
ω˙n

=

∑n
j=1M0j‖ωj‖2qj − fRe3 +M00ge3 + ∆x∑n
j=2 M1j‖ωj‖2qˆ1qj +
∑n
a=1magl1qˆ1e3∑n
j=1,j 6=2M2j‖ωj‖2qˆ2qj +
∑n
a=2 magl2qˆ2e3
...∑n−1
j=1 Mnj‖ωj‖2qˆnqj +mnglnqˆne3

, (47)
q˙i = ωi × qi. (48)
Proof 5 See Appendix A.5
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These provide a coordinate-free form of the equations of motion for the pre-
sented quadrotor UAV that is uniformly defined for any number of links n,
and that is globally defined on the nonlinear configuration manifold. Com-
pared with equations of motion derived in terms of local coordinates, such as
Euler-angles, these avoid singularities completely, and they provide a compact
form of equations that are suitable for control system design.
However, the presented finite element model may not capture the certain
dynamic characteristics of the actual cable dynamics represented by partial
differential equations. Designing a control system for such infinite-dimensional
system is beyond the scope of this dissertation.
3.2 Control System Design for a Simplified Dynamic Model
Let xd ∈ R3 be a fixed desired location of the quadrotor UAV. Assuming that
all of the links are pointing downward, i.e., qi = e3, the resulting location of
the payload is given by
xn = xd +
n∑
i=1
lie3. (49)
We wish to design the control force f and the control moment M such that
this hanging equilibrium configuration at the desired location becomes asymp-
totically stable.
3.2.1 Control Problem Formulation
For the given equations of motion (43) for x, the control force is given by
−fRe3. This implies that the total thrust magnitude f can be arbitrarily
chosen, but the direction of the thrust vector is always along the third body-
fixed axis. Also, the rotational attitude dynamics of the quadrotor is not
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affected by the translational dynamics of the quadrotor or the dynamics of
links.
To overcome the under-actuated property of a quadrotor, in this section,
we first replace the term −fRe3 of (43) by a fictitious control input u ∈ R3,
and design an expression for u to asymptotically stabilize the desired equi-
librium. This is equivalent to assuming that the attitude R of the quadrotor
can be instantaneously controlled. The effects of the attitude dynamics are
incorporated at the next section. Also ∆x is ignored in the simplified dynamic
model. In short, the equations of motion for the simplified dynamic model
considered in the section are given by
M00x¨+
n∑
i=1
M0iq¨i = u+M00ge3, (50)
and (44).
3.2.2 Linear Control System
The fictitious control input is designed from the linearized dynamics about the
desired hanging equilibrium. The variation of x and u are given by
δx = x− xd, δu = u−M00ge3. (51)
From (78), the variation of qi from the equilibrium can be written as
δqi = ξi × e3, (52)
where ξi ∈ R3 with ξi · e3 = 0. The variation of ωi is given by δω ∈ R3
with δωi · e3 = 0. Therefore, the third element of each of ξi and δωi for
any equilibrium configuration is zero, and they are omitted in the following
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linearized equation, i.e., the state vector of the linearized equation is composed
of CT ξi ∈ R2, where C = [e1, e2] ∈ R3×2.
Proposition 6 The linearized equations of the simplified dynamic model (50) and
(44) can be written as follows
Mx¨ + Gx = Bδu+ g(x, x˙), (53)
where g(x, x˙) corresponds to the higher order terms where x = [δx, xq]
T ∈ R2n+3,
M ∈ R2n+3×2n+3, G ∈ R2n+3×2n+3, B ∈ R2n+3×3, and (53) can equivalently be written
as Mxx Mxq
Mqx Mqq

δx¨
x¨q
+
 03 03×2n
02n×3 Gqq

δx
xq
 =
 I3
02n×3
 δu+ g(x, x˙),
where the corresponding sub-matrices are defined as
xq = [C
T ξ1; . . . ; C
T ξn],
Mxx = M00I3,
Mxq =
[
−M01eˆ3C −M02eˆ3C · · · −M0neˆ3C
]
,
Mqx = M
T
xq,
Mqq =

M11I2 M12I2 · · · M1nI2
M21I2 M22I2 · · · M2nI2
...
...
...
Mn1I2 Mn2I2 · · · MnnI2

,
Gqq = diag[
n∑
a=1
magl1I2, · · · ,mnglnI2].
Proof 6 See Appendix A.6
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For the linearized dynamics (53), the following control system is chosen
δu = −kxδx− kx˙δx˙−
n∑
a=1
kqiC
T (e3 × qi)− kωiCT δωi
= −Kxx−Kx˙x˙, (54)
for controller gains Kx = [kxI3, kq1I3×2, . . . kqnI3×2] ∈ R3×(3+2n) and Kx˙ =
[kx˙I3, kω1I3×2, . . . kωnI3×2] ∈ R3×(3+2n). Provided that (53) is controllable, we
can choose the controller gains Kx, Kx˙ such that the equilibrium is asymp-
totically stable for the linearized equation (53). Then, the equilibrium be-
comes asymptotically stable for the nonlinear Euler Lagrange equation (50)
and (44) [63]. The controlled linearized system can be written as
z˙1 =Az1 +Bg(x, x˙), (55)
where z1 = [x, x˙]
T ∈ R4n+6 and the matrices A ∈ R4n+6×4n+6 and B ∈
R4n+6×2n+3 are defined as
A =
 0 I
−M−1(G + BKx) −(M−1BKx˙)
 ,B =
 0
M−1
 . (56)
We can also choose Kx and Kx˙ such that A is Hurwitz. Then for any positive
definite matrix Q ∈ R4n+6×4n+6, there exist a positive definite and symmetric
matrix P ∈ R4n+6×4n+6 such that ATP + PA = −Q according to [63, Thm
3.6].
3.3 Controller Design for a Quadrotor with a Flexible Cable
The control system designed in the previous section is generalized to the full
dynamic model that includes the attitude dynamics. The central idea is that
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the attitude R of the quadrotor is controlled such that its total thrust direction
−Re3 that corresponds to the third body-fixed axis asymptotically follows the
direction of the fictitious control input u. By choosing the total thrust mag-
nitude properly, we can guarantee that the total thrust vector −fRe3 asymp-
totically converges to the fictitious ideal force u, thereby yielding asymptotic
stability of the full dynamic model.
3.3.1 Controller Design
Consider the full nonlinear equations of motion, let A ∈ R3 be the ideal to-
tal thrust of the quadrotor system that asymptotically stabilize the desired
equilibrium. From (51), we have
A = M00ge3 + δu = −Kxx−Kx˙x˙−Kz sat
σ
(ex) +M00ge3, (57)
where the following integral term ex ∈ R2n+3 is added to eliminate the effect
of disturbance ∆x in the full dynamic model
ex =
∫ t
0
(PB)T z1(τ) dτ , (58)
where Kz = [kzI3, kz1I3×2, . . . kznI3×2] ∈ R3×(3+2n) is an integral gain. For a
positive constant σ ∈ R, a saturation function satσ : R→ [−σ, σ] is introduced
as
sat
σ
(y) =

σ if y > σ
y if − σ ≤ y ≤ σ
−σ if y < −σ
.
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If the input is a vector y ∈ Rn, then the above saturation function is applied
element by element to define a saturation function satσ(y) : Rn → [−σ, σ]n for
a vector. It is also assumed that an upper bound of the infinite norm of the
uncertainty is known
‖∆x‖∞ ≤ δ, (59)
for positive constant δ. The desired direction of the third body-fixed axis
b3c ∈ S2 is given by
b3c = −
A
‖A‖ . (60)
This provides a two-dimensional constraint for the desired attitude of quadro-
tor, and there is additional one-dimensional degree of freedom that corresponds
to rotation about the third body-fixed axis, i.e., yaw angle. A desired direction
of the first body-fixed axis, namely b1d ∈ S2 is introduced to resolve it, and it
is projected onto the plane normal to b3c . The desired direction of the second
body-fixed axis is chosen to constitute an orthonormal frame. More explicitly,
the desired attitude is given by
Rc =
[
− bˆ
2
3cb1d
‖bˆ23cb1d‖
,
bˆ3cb1d
‖bˆ3cb1d‖
, b3c
]
, (61)
which is guaranteed to lie in SO(3) by construction, assuming that b1d is not
parallel to b3c [28]. The desired angular velocity Ωc ∈ R3 is obtained by the
attitude kinematics equation
Ωc = (R
T
c R˙c)
∨. (62)
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Next, we introduce the tracking error variables for the attitude and the angular
velocity eR, eΩ ∈ R3 as follows [64]
eR =
1
2
(RTc R−RTRc)∨, (63)
eΩ = Ω−RTRcΩc. (64)
The thrust magnitude and the moment vector of quadrotor are chosen as
f = −A ·Re3, (65)
and
M = −kReR − kΩeΩ − kIeI + Ω× JΩ− J(ΩˆRTRcΩc −RTRcΩ˙c), (66)
where kR, kΩ, and kI are positive constants and the following integral term is
introduced to eliminate the effect of fixed disturbance ∆R
eI =
∫ t
0
eΩ(τ) + c2eR(τ)dτ , (67)
where c2 is a positive constant.
3.3.2 Stability Analysis
Proposition 7 Consider control inputs f , M defined in (105) and (106). There exist
controller parameters and gains such that, (i) the zero equilibrium of tracking error is
stable in the sense of Lyapunov; (ii) the tracking errors eR, eΩ, x, x˙ asymptotically
converge to zero as t→∞; (iii) the integral terms eI and ex are uniformly bounded.
Proof 7 See Appendix A.7
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By utilizing geometric control systems for quadrotor, we show that the hang-
ing equilibrium of the links can be asymptotically stabilized while translating
the quadrotor to a desired position. The control systems proposed explic-
itly consider the coupling effects between the cable/load dynamics and the
quadrotor dynamics. We presented a rigorous Lyapunov stability analysis to
establish stability properties without any timescale separation assumptions or
singular perturbation, and a new nonlinear integral control term is designed
to guarantee robustness against unstructured uncertainties in both rotational
and translational dynamics.
3.4 Numerical Example
The desirable properties of the proposed control system are illustrated by a
numerical example. Properties of a quadrotor are chosen as
m = 0.5 kg, J = diag[0.557, 0.557, 1.05]× 10−2 kgm2.
Five identical links with n = 5, mi = 0.1 kg, and li = 0.1 m are considered.
Controller parameters are selected as follows: kx = 12.8, kv = 4.22, kR = 0.65,
kΩ = 0.11, kI = 1.5, c1 = c2 = 0.7. Also kq and kω are defined as
kq = [11.01, 6.67, 1.97, 0.41, 0.069],
kω = [0.93, 0.24, 0.032, 0.030, 0.025].
The desired location of the quadrotor is selected as xd = 03×1. The initial
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Figure 9: Stabilization of a payload connected to a quadrotor with 5 links without
Integral term
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conditions for the quadrotor are given by
x(0) = [0.6;−0.7; 0.2], x˙(0) = 03×1,
R(0) = I3×3, Ω(0) = 03×1.
The initial direction of the links are chosen such that the cable is curved along
the horizontal direction, as illustrated at Figure 11(a), and the initial angular
velocity of each link is chosen as zero. The following two fixed disturbances
are included in the numerical simulation.
∆R = [0.03,−0.02, 0.01]T ,
∆x = [−0.0125, 0.0125, 0.01]T .
We considered two cases for this numerical simulation to compare the effect
of the proposed integral term in the presence of disturbances as follows: (i)
with integral term and (ii) without integral term, to emphasize the effect of the
integral term. The simulation results for each case are illustrated at Figures 9
and 10, respectively. The corresponding maneuvers of the quadrotor and the
links for the second case are illustrated at Figure 11.
Figures 9(a) and 10(a) show the attitude error function defined as
ψ(R,Rd) =
1
2
tr[[I −RTc R]], (68)
which represents the difference between the desired attitude and the actual
attitude of the quadrotor. It is shown that there is a steady state error for
the first case without the integral control term, but the error is eliminated
at Figure 10(a) for the second case. Next, we define the two following error
42
0 2 4 6 8 10
0
0.02
0.04
0.06
ψ
t
(a) Attitude error function ψ
0 2 4 6 8 100
50
100
e w
t
0 2 4 6 8 10
0
5
10
e q
t
(b) Direction error eq and angular veloc-
ity error eω for links
0 2 4 6 8 10
−2
0
2
0 2 4 6 8 10−20
0
20
0 2 4 6 8 10−0.5
0
0.5
t
(c) Quadrotor angular velocity Ω:blue,
Ωd:red
0 2 4 6 8 10−0.1
0
0.1
0 2 4 6 8 10−1
0
1
0 2 4 6 8 10−0.1
0
0.1
t
(d) Control force u
0 2 4 6 8 10
0
0.5
1
0 2 4 6 8 10
−1
0
1
0 2 4 6 8 10−0.1
0
0.1
0.2
t
(e) Quadrotor position
0 2 4 6 8 10−2
0
2
0 2 4 6 8 10−0.5
0
0.5
0 2 4 6 8 10−1
0
1
t
(f) Quadrotor velocity
Figure 10: Stabilization of a payload connected to a quadrotor with 5 links with
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cumulative variables to show the stabilizing performance for all links:
eq =
n∑
i=1
‖qi − e3‖, eω =
n∑
i=1
‖ωi‖, (69)
and the results of numerical simulation for these error functions are presented
in 9(b) and 10(b) for each case. The initial errors for the links are quite large,
but they converge to zero nicely. For the first case, there exist a small steady
state error in both ew and eq. Figures 9(e) and 10(e) show the desired location
of the quadrotor (dashed line) and the actual location (solid like) for each case.
These numerical examples verifies that under the proposed control system,
all of the position and attitude of the quadrotor, the direction of links, and the
location of the payload asymptotically converge to their desire values, and the
presented integral terms are effective in eliminating steady state errors caused
by disturbances.
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Figure 11: Snapshots of the controlled maneuver
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Chapter 4: Multiple Quadrotor UAVs Transporting a Rigid Body
There are various applications for aerial load transportation such as usage in con-
struction, military operations, emergency response, or delivering packages. Load
transportation with the cable-suspended load has been studied traditionally for a he-
licopter [5, 6] or for small unmanned aerial vehicles such as quadrotor UAVs [7, 8, 9].
In most of the prior works, the dynamics of aerial transportation has been sim-
plified due to the inherent dynamic complexities. For example, it is assumed that
the dynamics of the payload is considered completely decoupled from quadrotors,
and the effects of the payload and the cable are regarded as arbitrary external forces
and moments exerted to the quadrotors [11, 12, 13], thereby making it challenging
to suppress the swinging motion of the payload actively, particularly for agile aerial
transportations.
The complete dynamic model of an arbitrary number of quadrotors transporting
a rigid body presented in this chapter where each quadrotor is connected to the rigid
body via a flexible cable. Each flexible cable is modeled as an arbitrary number of
serially connected links, and it is valid for various masses and lengths. A coordinate
free form of equations of motion is derived according to Lagrange mechanics on a
nonlinear manifold for the full dynamic model. These sets of equations of motion are
presented in a complete and organized manner without any simplification.
Another contribution of this chapter is designing a control system to stabilize
the rigid body at desired position. Geometric nonlinear controllers is utilized [41,
28, 45], and they are generalized for the presented model. More explicitly, we show
that the rigid body payload is asymptotically transported into a desired location,
while aligning all of the links along the vertical direction corresponding to a hanging
equilibrium.
The unique property of the proposed control system is that the nontrivial coupling
effects between the dynamics of rigid payload, flexible cables, and multiple quadro-
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Figure 12: Quadrotor UAVs with a rigid body payload. Cables are modeled as a
serial connection of an arbitrary number of links (only 4 quadrotors with 5 links in
each cable are illustrated).
tors are explicitly incorporated into control system design, without any simplifying
assumption. Another distinct feature is that the equations of motion and the control
systems are developed directly on the nonlinear configuration manifold intrinsically.
Therefore, singularities of local parameterization are completely avoided to generate
agile maneuvers of the payload in a uniform way. In short, the proposed control
system is particularly useful for rapid and safe payload transportation in complex
terrain, where the position of the payload should be controlled concurrently while
suppressing the deformation of the cables.
This chapter is organized as follows. A dynamic model is presented and the
problem is formulated at Section 4.1. Control systems are constructed at Sections 4.2
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and 4.3, which are followed by numerical examples in Section 4.4.
4.1 Quadrotor Dynamic Model
Consider a rigid body with mass m0 ∈ R and moment of inertia J0 ∈ R3×3,
being transported with arbitrary n numbers of quadrotors. The location of the
mass center of the rigid body is denoted by x0 ∈ R3, and its attitude is given
by R0 ∈ SO(3), where the special orthogonal group is given by SO(3) = {R ∈
R3×3 | RTR = I, det(R) = 1}. Figure 12 illustrates the system with an inertial
frame. We choose an inertial frame {~e1, ~e2, ~e3} and body fixed frame {~b1,~b2,~b3}
attached to the payload. We also consider a body fixed frame attached to the
i-th quadrotor {~b1i ,~b2i ,~b3i}. In the inertial frame, the third axes ~e3 points
downward with gravity and the other axes are chosen to form an orthonormal
frame.
The mass and the moment of inertia of the i-th quadrotor are denoted by
mi ∈ R and Ji ∈ R3×3 respectively. The cable connecting each quadrotor to
the rigid body is modeled as an arbitrary numbers of links for each quadrotor
with varying masses and lengths. The direction of the j-th link of the i-
th quadrotor, measured outward from the quadrotor toward the payload is
defined by the unit vector qij ∈ S2, where S2 = {q ∈ R3 | ‖q‖ = 1}, where
the mass and length of that link is denoted with mij and lij respectively. The
number of links in the cable connected to the i-th quadrotor is defined as ni.
The configuration manifold for this system is given by SO(3) × R3 ×
(SO(3)n) × (S2)∑ni=1 ni . The i-th quadrotor can generate a thrust force of
−fiRie3 ∈ R3 with respect to the inertial frame, where fi ∈ R is the total
thrust magnitude of the i-th quadrotor. It also generates a moment Mi ∈ R3
with respect to its body-fixed frame. Throughout this chapter, the two norm
of a matrix A is denoted by ‖A‖. The standard dot product is denoted by
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x · y = xTy for any x, y ∈ R3.
4.1.1 Lagrangian
The kinematics equations for the links, payload, and quadrotors are given by
q˙ij = ωij × qij = ωˆijqij, (70)
R˙0 = R0Ωˆ0, (71)
R˙i = RiΩˆi, (72)
where ωij ∈ R3 is the angular velocity of the j-th link in the i-th cable satisfying
qij · ωij = 0. Also, Ω0 ∈ R3 is the angular velocity of the payload and Ωi ∈ R3
is the angular velocity of the i-th quadrotor, expressed with respect to the
corresponding body fixed frame. The hat map ·ˆ : R3 → so(3) is defined by the
condition that xˆy = x× y for all x, y ∈ R3, and the inverse of the hat map is
denoted by the vee map ∨ : so(3)→ R3.
The position of the i-th quadrotor is given by
xi = x0 +R0ρi −
ni∑
a=1
liaqia, (73)
where ρi ∈ R3 is the vector from the center of mass of the rigid body to the
point that i-th quadrotor is connected to rigid body via the cable. Similarly
the position of the j-th link in the cable connecting the i-th quadrotor to the
rigid body is given by
xij = x0 +R0ρi −
ni∑
a=j+1
liaqia. (74)
We derive equations of motion according to Lagrangian mechanics. Total
49
kinetic energy of the system is given by
T =
1
2
m0‖x˙0‖2 +
n∑
i=1
ni∑
j=1
1
2
mij‖x˙ij‖2 + 1
2
n∑
i=1
mi‖x˙i‖2
+
1
2
n∑
i=1
Ωi · JiΩi + 1
2
Ω0 · J0Ω0. (75)
The gravitational potential energy is given by
V = −m0ge3 · x0 −
n∑
i=1
mige3 · xi −
n∑
i=1
ni∑
j=1
mijge3 · xij, (76)
where it is assumed that the unit-vector e3 points downward along the gravi-
tational acceleration as shown at Figure 12. The corresponding Lagrangian of
the system is L = T − V .
4.1.2 Euler-Lagrange equations
Coordinate-free form of Lagrangian mechanics on the two-sphere S2 and the
special orthogonal group SO(3) for various multi-body systems has been stud-
ied in [61, 62]. The key idea is representing the infinitesimal variation of
Ri ∈ SO(3) in terms of the exponential map
δRi =
d
d
∣∣∣∣
=0
Ri exp(ηˆi) = Riηˆi, (77)
for ηi ∈ R3. The corresponding variation of the angular velocity is given by
δΩi = η˙i + Ωi × ηi. Similarly, the infinitesimal variation of qij ∈ S2 is given by
δqij = ξij × qij, (78)
for ξij ∈ R3 satisfying ξij · qij = 0. This lies in the tangent space as it
is perpendicular to qi. Using these, we obtain the following Euler-Lagrange
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equations.
Proposition 8 By using the above expressions, the equations of motion can be ob-
tained from Hamilton’s principle:
MT x¨0 −
n∑
i=1
ni∑
j=1
M0ijlij q¨ij −
n∑
i=1
MiTR0ρˆiΩ˙0
= MTge3 +
n∑
i=1
−fiRie3 −
n∑
i=1
MiTR0Ωˆ
2
0ρi, (79)
J¯0Ω˙0 +
n∑
i=1
MiT ρˆiR
T
0 x¨0 −
n∑
i=1
ni∑
j=1
M0ijlij ρˆiR
T
0 q¨ij
=
n∑
i=1
ρˆiR
T
0 (−fiRie3 +MiTge3)− Ωˆ0J¯0Ω0, (80)
ni∑
k=1
M0ijlikqˆ
2
ij q¨ik −M0ij qˆ2ijx¨0 +M0ij qˆ2ijR0ρˆiΩ˙0
= M0ij qˆ
2
ijR0Ωˆ
2
0ρi − qˆ2ij(M0ijge3 − fiRie3), (81)
JiΩi + Ωi × JiΩi = Mi. (82)
Here the total mass MT of the system and the mass of the i-th quadrotor and its
flexible cable MiT are defined as
MT = m0 +
n∑
i=1
MiT , MiT =
ni∑
j=1
mij +mi, (83)
and the constants related to the mass of links are given as
M0ij = mi +
j−1∑
a=1
mia, (84)
The equations of motion can be rearranged in a matrix form as follow
NX¨ = P (85)
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where the state vector X ∈ RDX with DX = 6 + 3
∑n
i=1 ni is given by
X = [x0, Ω0, q1j, q2j, · · · , qnj]T , (86)
and matrix N ∈ RDX×DX is defined as
N =

MT I3 Nx0Ω0 Nx01 Nx02 · · · Nx0n
NΩ0x0 J¯0 NΩ01 NΩ02 · · · NΩ0n
N1x0 N1Ω0 Nqq1 0 · · · 0
N2x0 N2Ω0 0 Nqq2 · · · 0
...
...
...
...
...
...
Nnx0 NnΩ0 0 0 · · · Nqqn

, (87)
where the sub-matrices are defined as
Nx0Ω0 = −
n∑
i=1
MiTR0ρˆi; NΩ0x0 = M
T
x0Ω0
,
Nx0i = −[M0i1li1I3, M0i2li2I3, · · · , M0iniliniI3],
NΩ0i = −[M0i1li1ρˆiRT0 , M0i2li2ρˆiRT0 , · · · , M0inilini ρˆiRT0 ],
Nix0 = −[M0i1qˆ2i1, M0i2qˆ2i2, · · · , M0ini qˆ2ini ]T ,
NiΩ0 = [M0i1qˆ
2
i1R0ρˆi, M0i2qˆ
2
i2R0ρˆi, · · · , M0ini qˆ2iniR0ρˆi]T , (88)
and the sub-matrix Nqqi ∈ R3ni×3ni is given by
Nqqi =

−M011li1I3 M012li2qˆ2i2 · · · M01nilini qˆ2ini
M021li1qˆ
2
i1 −M022li2I3 · · · M02nilini qˆ2ini
...
...
...
M0ni1li1qˆ
2
i1 M0ni2li2qˆ
2
i2 · · · −M0niniliniI3

. (89)
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The P ∈ RDX matrix is
P = [Px0 , PΩ0 , P1j, P2j, · · · , Pnj]T , (90)
and sub-matrices of P matrix are also defined as
Px0 = MTge3 +
n∑
i=1
−fiRie3 −
n∑
i=1
MiTR0Ωˆ
2
0ρi,
PΩ0 = −Ωˆ0J¯0Ω0 +
n∑
i=1
ρˆiR
T
0 (MiTge3 − fiRie3),
Pij =− qˆ2ij(−fiRie3 +M0ijge3) +M0ij qˆ2ijR0Ωˆ20ρi +M0ij‖q˙ij‖2qij.
Proof 8 See Appendix A.8
These equations are derived directly on a nonlinear manifold without any sim-
plification. The dynamics of the payload, flexible cables, and quadrotors are
considered explicitly, and they avoid singularities and complexities associated
to local coordinates.
4.2 Controlled System Design for Simplified Dynamic Model
Let x0d ∈ R3 be the desired position of the payload. The desired attitude of
the payload is considered as R0d = I3×3, and the desired direction of links is
aligned along the vertical direction. The corresponding location of the i-th
quadrotor at this desired configuration is given by
xid = x0d + ρi −
ni∑
a=1
liae3. (91)
We wish to design control forces fi and control moments Mi of quadrotors
such that this desired configuration becomes asymptotically stable.
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4.2.1 Simplified Dynamic Model
Control forces for each quadrotor is given by −fiRie3 for the given equations
of motion (79), (80), (81), (82). As such, the quadrotor dynamics is under-
actuated. The total thrust magnitude of each quadrotor can be arbitrary
chosen, but the direction of the thrust vector is always along the third body
fixed axis, represented by Rie3. But, the rotational attitude dynamics of the
quadrotors are fully actuated, and they are not affected by the translational
dynamics of the quadrotors or the dynamics of links.
Based on these observations, in this section, we simplify the model by
replacing the −fiRie3 term by a fictitious control input ui ∈ R3, and design an
expression for u to asymptotically stabilize the desired equilibrium. In another
words, we assume that the attitude of the quadrotor can be instantaneously
changed. The effects of the attitude dynamics are studied at the next section.
4.2.2 Linear Control System
The control system for the simplified dynamic model is developed based on the
linearized equations of motion. At the desired equilibrium, the position and
the attitude of the payload are given by x0d and R
∗
0 = I3, respectively, where
the superscript ∗ denotes the value of a variable at the desired equilibrium
throughout this paper. Also, we have q∗ij = e3 and R
∗
i = I3. In this equilibrium
configuration, the control input for the i-th quadrotor is
u∗i = −f ∗i R∗i e3, (92)
where the total thrust is f ∗i = (MiT +
m0
n
)g.
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The variation of x0 is given by
δx0 = x0 − x0d , (93)
and the variation of the attitude of the payload is defined as
δR0 = R
∗
0ηˆ0 = ηˆ0,
for η0 ∈ R3. The variation of qij can be written as
δqij = ξij × e3, (94)
where ξij ∈ R3 with ξij · e3 = 0. The variation of ωij is given by δωij ∈ R3
with δωij · e3 = 0. Therefore, the third element of each of ξij and δωij for
any equilibrium configuration is zero, and they are omitted in the following
linearized equations. The state vector of the linearized equation is composed
of CT ξij ∈ R2, where C = [e1, e2] ∈ R3×2. The variation of the control input
δui ∈ R3×1, is given as δui = ui − u∗i .
Proposition 9 The linearized equations of the simplified dynamic model are given
by
Mx¨ + Gx = Bδu, (95)
where the state vector x ∈ RDx with Dx = 6 + 2
∑n
i=1 ni is given by
x =
[
δx0, η0, C
T ξ1j, C
T ξ2j, · · · , CT ξnj
]
,
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and δu = [δuT1 , δu
T
2 , · · · , δuTn ]T ∈ R3n×1. The matrix M ∈ RDx×Dx are defined as
M =

MT I3 Mx0Ω0 Mx01 Mx02 · · · Mx0n
MΩ0x0 J¯0 MΩ01 MΩ02 · · · MΩ0n
M1x0 M1Ω0 Mqq1 0 · · · 0
M2x0 M2Ω0 0 Mqq2 · · · 0
...
...
...
...
...
...
Mnx0 MnΩ0 0 0 · · · Mqqn

,
where the sub-matrices are defined as
Mx0Ω0 = −
n∑
i=1
MiT ρˆi; MΩ0x0 = M
T
x0Ω0
,
Mx0i = [M0i1li1eˆ3C, M0i2li2eˆ3C, · · · , M0inilini eˆ3C],
MΩ0i = [M0i1li1ρˆiC, M0i2li2ρˆiC, · · · , M0inilini ρˆiC],
Mix0 = −[M0i1CT eˆ3, M0i2CT eˆ3, · · · , M0iniCT eˆ3], (96)
MiΩ0 = [M0i1C
T eˆ3ρˆi, M0i2C
T eˆ3ρˆi, · · · , M0iniCT eˆ3ρˆi], (97)
and the sub-matrix Mqqi ∈ R2ni×2ni is given by
Mqqi =

Mi11li1I2 Mi12li2I2 · · · Mi1niliniI2
Mi21li1I2 Mi22li2I2 · · · Mi2niliniI2
...
...
...
Mini1li1I2 Mini2li2I2 · · · MininiliniI2

. (98)
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The matrix G ∈ RDx×Dx is defined as
G =

0 0 0 0 0 0
0 GΩ0Ω0 0 0 0 0
0 0 G1 0 0 0
0 0 0 G2 0 0
...
...
...
...
...
...
0 0 0 0 0 Gn

,
where GΩ0Ω0 =
∑n
i=1
m0
n
gρˆieˆ3 and the sub-matrices Gi ∈ R2ni×2ni are
Gi = diag[(−MiT − m0
n
+M0ij)ge3I2].
The matrix B ∈ RDx×3n is given by
B =

I3 I3 · · · I3
ρˆ1 ρˆ2 · · · ρˆn
BB 0 0 0
0 BB 0 0
...
...
...
...
0 0 0 BB

,
where BB = −[CT eˆ3, CT eˆ3, · · · , CT eˆ3]T .
Proof 9 See Appendix A.9
We present the following PD-type control system for the linearized dynamics
δui =−Kxix−Kx˙ix˙, (99)
for controller gains Kxi , Kx˙i ∈ R3×Dx . Provided that (95) is controllable,
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we can choose the combined controller gains Kx = [K
T
x1
, . . . KTxn ]
T , Kx˙ =
[KTx˙1 , . . . K
T
x˙n ]
T ∈ R3n×Dx such that the equilibrium is asymptotically stable
for the linearized equation (95).
4.3 Controlled System Design for Full Dynamic Model
The control system designed at the previous section is based on a simplifying
assumption that each quadrotor can generates a thrust along any direction.
In the full dynamic model, the direction of the thrust for each quadrotor is
parallel to its third body-fixed axis always. In this section, the attitude of each
quadrotor is controlled such that the third body-fixed axis becomes parallel
to the direction of the ideal control force designed in the previous section.
The central idea is that the attitude Ri of the quadrotor is controlled such
that its total thrust direction −Rie3, corresponding to the third body-fixed
axis, asymptotically follows the direction of the fictitious control input ui. By
choosing the total thrust magnitude properly, we can guarantee asymptotical
stability for the full dynamic model.
Let Ai ∈ R3 be the ideal total thrust of the i-th quadrotor that asymptot-
ically stabilize the desired equilibrium. Therefor, we have
Ai = u
∗
i + δui = −Kxix−Kx˙ix˙ + u∗i , (100)
where f ∗i and u
∗
i are the total thrust and control input of each quadrotor at
its equilibrium respectively.
From the desired direction of the third body-fixed axis of the i-th quadrotor,
namely b3i ∈ S2, is given by
b3i = −
Ai
‖Ai‖ . (101)
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This provides a two-dimensional constraint on the three dimensional desired
attitude of each quadrotor, such that there remains one degree of freedom.
To resolve it, the desired direction of the first body-fixed axis b1i(t) ∈ S2 is
introduced as a smooth function of time. Due to the fact that the first body-
fixed axis is normal to the third body-fixed axis, it is impossible to follow
an arbitrary command b1i(t) exactly. Instead, its projection onto the plane
normal to b3i is followed, and the desired direction of the second body-fixed
axis is chosen to constitute an orthonormal frame [28]. More explicitly, the
desired attitude of the i-th quadrotor is given by
Ric =
[
− (bˆ3i )2b1i‖(bˆ3i )2b1i‖
bˆ3ib1i
‖bˆ3ib1i‖
b3i
]
, (102)
which is guaranteed to be an element of so(3). The desired angular velocity is
obtained from the attitude kinematics equation, Ωic = (R
T
icR˙ic)
∨ ∈ R3. Define
the tracking error vectors for the attitude and the angular velocity of the i-th
quadrotor as
eRi =
1
2
(RTicRi −RTi Ric)∨, eΩi = Ωi −RTi RicΩic , (103)
and a configuration error function on SO(3) as follows
Ψi =
1
2
tr[[]I −RTicRi]. (104)
The thrust magnitude is chosen as the length of ui, projected on to −Rie3,
and the control moment is chosen as a tracking controller on SO(3):
fi =− Ai ·Rie3, (105)
Mi =− kReRi − kΩeΩi + (RTi RciΩci)∧JiRTi RciΩci + JiRTi RciΩ˙ci , (106)
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where kR and kΩ are positive constants. Stability of the corresponding con-
trolled systems for the full dynamic model can be studied by showing the the
error due to the discrepancy between the desired direction b3i and the actual
direction Rie3. This stability is shown via a Lyapunov analysis.
Proposition 10 Consider the full dynamic model defined by (79), (80), (81), (82).
For the command x0d and the desired direction of the first body-fixed axis b1i, control
inputs for quadrotors are designed as (105) and (106). Then, the equilibrium of zero
tracking errors for ex0 , e˙x0 , eR0 , eΩ0 , eqij , eωij , eRi , eΩi, is exponentially stable.
Proof 10 See Appendix A.10
4.4 Numerical Example
We demonstrate the desirable properties of the proposed control system with
numerical examples. Two cases are presented. At the first case, a payload is
transported to a desired position from the ground. The second case considers
stabilization of a payload with large initial attitude errors.
4.4.1 Stabilization of the Rigid Body
Consider four quadrotors (n = 4) connected via flexible cables to a rigid body
payload. Initial conditions are chosen as
x0(0) = [1.0, 4.8, 0.0]
T m, v0(0) = 03×1,
qij(0) = e3, ωij(0) = 03×1, Ri(0) = I3×3, Ωi(0) = 03×1
R0(0) = I3×3, Ω0 = 03×1.
The desired position of the payload is chosen as
x0d(t) = [0.44, 0.78, −0.5]T m. (107)
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The mass properties of quadrotors are chosen as
mi = 0.755 kg,
Ji = diag[0.557, 0.557, 1.05]× 10−2kgm2. (108)
The payload is a box with mass m0 = 0.5 kg, and its length, width, and height
are 0.6, 0.8, and 0.2 m, respectively. Each cable connecting the rigid body to
the i-th quadrotor is considered to be ni = 5 rigid links. All the links have the
same mass of mij = 0.01 kg and length of lij = 0.15 m. Each cable is attached
to the following points of the payload
ρ1 = [0.3, −0.4, −0.1]T m, ρ2 = [0.3, 0.4, −0.1]T m,
ρ3 = [−0.3, −0.4, −0.1]T m, ρ4 = [−0.3, 0.4, −0.1]T m.
Numerical simulation results are presented at Figure 13, which shows the
position and velocity of the payload, and its tracking errors. We have also
presented the link direction error defined as
eq =
m∑
i=1
ni∑
j=1
‖qij − e3‖.
61
0 20 40 60 80 100−0.5
0
0.5
x
0 20 40 60 80 100−2
0
2
y
0 20 40 60 80 1000
0.2
0.4
z
(a) Payload position (x0:blue, x0d :red)
0 2 4 6 8 10−0.2
0
0.2
0 2 4 6 8 10−2
0
2
0 2 4 6 8 10−0.2
0
0.2
t
(b) Payload velocity (v0:blue, v0d :red)
0 2 4 6 8 10−0.2
0
0.2
0 2 4 6 8 10−0.05
0
0.05
0 2 4 6 8 10−2
0
2 x 10
−3
t
(c) Payload angular velocity Ω0
0 2 4 6 8 10−1
0
1
e 1
⋅
 
e W
i
0 2 4 6 8 10−0.2
0
0.2
e 2
⋅
 
e W
i
0 2 4 6 8 10−0.02
0
0.02
e 3
⋅
 
e W
i
t
(d) Quadrotors angular velocity errors
eΩi
0 2 4 6 8 100
1
2
3
4
5
6 x 10
−3
ψ 0
t
(e) Payload attitude error Ψ0
0 2 4 6 8 100
0.01
0.02
0.03
0.04
0.05
ψ i
t
(f) Quadrotors attitude errors Ψi
0 2 4 6 8 109
9.5
10
f 1
0 2 4 6 8 109
9.5
f 2
0 2 4 6 8 109
9.5
10
f 3
0 2 4 6 8 109
9.5
f 4
t
(g) Quadrotors total thrust inputs fi
0 2 4 6 80
1
2
Ψ
0 2 4 6 8−1
0
1
e R
0 2 4 6 8−20
0
20
e Ω
(h) Direction error eq, and angular veloc-
ity error eω for the links
Figure 13: Stabilization of a rigid-body connected to multiple quadrotors
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(a) 3D perspective
(b) Side view
(c) Top view
Figure 14: Snapshots of controlled maneuver
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4.4.2 Payload Stabilization with Large Initial Attitude Errors
In the second case, we consider large initial errors for the attitude of the
payload and quadrotors. Initially, the rigid body is tilted in its b1 axis by 30
degrees, and the initial direction of the links are chosen such that two cables
are curved along the horizontal direction. The initial conditions are given by
x0(0) = [2.4, 0.8, −1.0]T , v0(0) = 03×1,
ωij(0) = 03×1, Ωi(0) = 03×1
R0(0) = Rx(30
◦), Ω0 = 03×1,
where Rx(30
◦) denotes the rotation about the first axis by 30◦. The initial
attitude of quadrotors are chosen as
R1(0) = Ry(−35◦), R2(0) = I3×3,
R3(0) = Ry(−35◦), R4(0) = I3×3.
The properties of quadrotors and cables are identical to the previous case.
The payload mass is m = 1.0 kg , and its length, width, and height are 1.0,
1.2, and 0.2 m, respectively. Figure 15 illustrates the tracking errors, and the
total thrust of each quadrotor. Snapshots of the controlled maneuvers is also
illustrated at Figure 16. It is shown that the proposed controller is able to
stabilize the payload and cables at their desired configuration even from the
large initial attitude errors1.
1A short animation of this numerical simulation is available at http://youtu.be/j14tSuHd8oA.
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Figure 15: Stabilization of a payload with multiple quadrotors connected with flexible
cables. 65
(a) t = 0 Sec. (b) t = 0.14 Sec. (c) t = 0.30 Sec.
(d) t = 0.68 Sec. (e) t = 1.10 Sec. (f) t = 1.36 Sec.
(g) t = 1.98 Sec. (h) t = 3.48 Sec. (i) t = 10 Sec.
Figure 16: Snapshots of the controlled maneuver.
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4.4.3 Two Quadrotors Stabilizing a Rod
The results of this chapter can be specialized to the following system. Consider
two quadrotors transporting a rod to a fixed position as shown in Figure 17.
m1, J1, x1
q11, l11
m11, x11
m0, x0, q0
m21, x21
q21, l21
m2, J2, x2
Figure 17: Two quadrotor with a rod
We compare stabilization of the rod with large initial attitude errors both
for quadrotors and rod for two cases of with and without the integral term in
presence of the fixed disturbances in both rotational and translational dynam-
ics.
The results of this numerical simulation is presented in Figure 18 and 19
for without and with integral cases respectively. Snapshots of this maneuver
with the integral term is also illustrated at Figure 20.
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Figure 18: Stabilization of a rod with two quadrotors without Integral term.
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Figure 19: Stabilization of a rod with two quadrotors with Integral term.
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(a) t = 0 Sec. (b) t = 0.14 Sec. (c) t = 0.30 Sec.
(d) t = 0.68 Sec. (e) t = 1.10 Sec. (f) t = 1.36 Sec.
(g) t = 1.98 Sec. (h) t = 3.48 Sec. (i) t = 4.0 Sec.
Figure 20: Snapshots of the controlled maneuver for two quadrotors stabilizing a rod.
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Chapter 5: Experiment
We develop an experimental testbed with quadrotor UAV’s to validate our derivations
and simulations. Two quadrotor UAV’s are built from scratch by designing every
parts followed by developing a software for real-time experiments. The hardware and
software development for the experimental part of this dissertation is presented in the
following. Finally, the experimental results for some aggressive trajectory tracking
and payload transportation are provided.
5.1 CAD Model and Calibration
We developed an accurate CAD model as shown in Figure 21(a) to identify
several parameters of the quadrotor, such as moment of inertia and center of
mass. Furthermore, a precise rotor calibration is performed for each rotor,
with a custom-made thrust stand as shown in Figure 21(b) to determine the
relation between the command in the motor speed controller and the actual
thrust. For various values of motor speed commands, the corresponding thrust
is measured, and those data are fitted with a second order polynomial.
(a) CAD Model (b) Motor cali-
bration setup
Figure 21: Hardware development for a quadrotor UAV
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5.2 Building Quadrotor
The quadrotor UAV developed at the flight dynamics and control laboratory
at the George Washington University is shown at Figure 22. The angular
velocity is measured from inertial measurement unit (IMU) and the attitude
is obtained from IMU data. Position of the UAV is measured from motion
capture system (Vicon) as shown in Figure 23 and the velocity is estimated
from the measurement. Ground computing system receives the Vicon data and
send it to the UAV via XBee. The Gumstix is adopted as micro computing
unit on the UAV.
OMAP 600MHz
Processor
Attitude sensor
3DM-GX3
via UART
BLDC Motor
via I2C
Safety Switch
XBee RF
WIFI to
Ground Station
LiPo Battery
11.1V, 2200mAh
Figure 22: Hardware development
Figure 23: Motion capture Laboratory
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5.2.1 Hardware Configuration
Quadrotor is built using several parts as listed bellow. The motors are con-
nected to the circuit board via speed controllers and I2C ports. The IMU
is connected to the circuit board via serial ports and the computer module
(GUMSTIX) handles the communications and controller computation.
• Gumstix Overo computer-in-module (OMAP 600MHz processor), running a
non-realtime Linux operating system. It is connected to a ground station via
WIFI (Figure 24(c)).
• Microstrain 3DM-GX3 IMU, connected to Gumstix via UART (Figure 24(b)).
• BL-CTRL 2.0 motor speed controller, connected to Gumstix via I2C (Fig-
ure 25(a)).
• Roxxy 2827-35 Brushless DC motors (Figure 25(b)).
• XBee RF module, connected to Gumstix via UART. (Figure 24(a))
(a) XBee (b) IMU (c) Computer Module
Figure 24: Hardware parts for a quadrotor UAV
Finally, these parts are all connected to the circuit board which has been
custom designed and built for the experiment as illustrated in Figure 26 and
two quadrotors are prepared for the experiments as shown in Figure 27.
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(a) Motor speed controller (b) Brushless DC motors
Figure 25: Motors and speed controllers
Figure 26: Hardware connections
5.2.2 Software Development
Multi-threaded programming with C/C++ utilized to develop a complete and
fast software which runs on the computer module and handles several tasks.
It has three main threads, namely Vicon thread, IMU thread, and control
thread. The Vicon thread receives the Vicon measurement and estimates linear
velocity of the quadrotor. The IMU thread receives the IMU measurement and
estimates the attitude. The last thread handles the control outputs at each
time step. Also, control outputs are calculated at 120Hz which is fast enough
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(a) Quadrotor 1 (b) Quadrotor 2
Figure 27: Quadrotors
to run any kind of aggressive maneuvers. Information flow of the system is
illustrated in Figures 28 and 29.
Figure 28: Information flow of overall system
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   Host	  Computer	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Figure 29: Information flow of overall system
We also need to tune the proportional, derivative, and integral gains for
the experiment. By using the numerical simulation, we are able to find an
estimate for this gains but they need to be tuned during the experiment in
order to get the best performance of the controller.
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5.3 Autonomous Trajectory Tracking
5.3.1 Attitude Tracking Test
Experimental results are provided for the attitude tracking control of a hard-
ware system developed in FDCL. To test the attitude dynamics, it is attached
to a spherical joint. As the center of rotation is below the center of gravity,
there exists a destabilizing gravitational moment, and the resulting attitude
dynamics is similar to an inverted rigid body pendulum. The control input is
augmented with an additional term to eliminate the effects of the gravity.
The desired attitude command is described by using 3-2-1 Euler angles,
i.e. Rd(t) = Rd(φ(t), θ(t), ψ(t)), where φ(t) =
pi
9
sin(pit), θ(t) = pi
9
cos(pit),
ψ(t) = 0. This represents a combined rolling and pitching motion with a
period of 2 seconds. The results of the experiment are illustrated at Figures
30 and 31.
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Figure 30: Attitude tracking test(dotted:desired, solid:actual)
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Figure 31: Quadrotor on a stand
5.3.2 Lissajous Curve Trajectory Tracking
First, we consider a position tracking mode, where the desired trajectory is
defined as the following Lissajous curve,
xd(t) =

xo − t8(xo − xi) if 0 5 t < 8
[sin(t− 8) + pi
2
), sin 2(t− 8), −1.5] m if 8 5 t
.
The quadrotor takes-off from xo = [0.2, −2.8, −1.2]m at t = 0 sec and flies to
the initial position of the Lissajous curve trajectory where is xi = [1, 0, 1.5]m
by tracking a linear desired trajectory. Then, the quadrotor starts to follow
the Lissajous curve trajectory at t = 8 sec. There is about 0.15 sec of time
delay from the Vicon motion capture system to the Gumstix. However, due
to the robustness and stability properties of the proposed controller, position
tracking performance shows satisfactory results as shown at Figure 33 and 32.
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Figure 32: Lissajous curve x− y plane trajectory
5.3.3 Flipping 360 Degree Maneuver
Next, the proposed controller is validated with a flipping maneuver. The
quadrotor takes off from a landing platform, increases altitude with constant
speed to a constant point, flips 360 degree about it x-axis. As presented in the
numerical simulation section, this is a complex maneuver combining a nontriv-
ial pitching maneuver with a yawing motion. It is achieved by concatenating
the following two control modes of an attitude tracking same as presented in
the numerical simulation to rotate the quadrotor
Rd(t) = I + sin(4pit)eˆr + (1− cos(4pit))(ereTr − I), Ωd = 5pi · er.
where er = [1, 0, 0], and a trajectory tracking mode to make it hover after
completing the preceding rotation. As it is clear from the figures, the attitude
control part which handles the rotation happens in almost 0.3 seconds and
then it switched to the position control mode to make the quadrotor stabilized
and hovers to the desired position. Figure 34 and 35 show the experimental
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(a) Attitude error variables Ψ, eR, eΩ (b) Thrust of each rotor (N)
(c) Position (solid line) and desired (dot-
ted line) x, xd (m)
(d) Linear velocity (m/sec)
(e) Eular angles (rad) (f) Angular velocity Ω,Ωd (rad/sec)
Figure 33: Lissajous curve tracking(dotted:desired, solid:actual)
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results and snapshots of the flipping maneuver respectively.
There are several disturbances and modeling errors in this experimental
setup, such as errors in mass properties of the quadrotor, processing and com-
munication delay of the motion capture systems, and the dynamics of pro-
pellers. Therefore, these experimental illustrate robustness of the proposed
control system with respect to various forms of uncertainties and disturbances2.
2A short video of the experiments is available at http://youtu.be/wtn9L6BsYiE.
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Figure 34: Flipping flight test results (dotted:desired, solid:actual)
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(a) t = 0.0 sec (b) t = 0.8756 sec (c) t = 1.008 sec
(d) t = 1.079 sec (e) t = 1.125 sec (f) t = 1.175 sec
(g) t = 1.844 sec (h) t = 2.312 sec (i) t = 2.89 sec
Figure 35: Snapshots for flipping maneuver.
5.4 Payload Stabilization with one Quadrotor
The weight of the entire UAV system is 0.791kg including one battery. A
payload with mass of m1 = 0.036 kg is attached to the quadrotor via a cable
of length l1 = 0.7 m. The length from the center of the quadrotor to each motor
rotational axis is d = 0.169m, the thrust to torque coefficient is cτf = 0.1056m
and the moment of inertia is J = [0.56, 0.56, 1.05]× 10−2 kgm2.
Two cases are considered and compared. For the first case, a position
control system developed in [45], for quadrotor UAV that does not include the
dynamics of the payload and the link, is applied to hover the quadrotor at the
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desired location, and the second case, the proposed control system is used.
Experimental results are shown at Figures 36 and 38. The position of
the quadrotor and the payload is compared with the desired position of the
quadrotor at Figure 36, and the deflection angle of the link from the vertical
direction are illustrated at Figure 38. It is shown that the proposed control
system reduces the undesired oscillation of the link effectively, compared with
the quadrotor position control system. 3
There are several disturbances and modeling errors in this experimental
setup, such as errors in mass properties of the quadrotor, processing and com-
munication delay of the motion capture systems, and ground effects of air
flow. Therefore, these experimental illustrate robustness of the proposed con-
trol system with respect to various forms of uncertainties and disturbances.
Generalizing the presented control system for advanced nonlinear adaptive or
robust controls are relegated to future investigation.
3A short video of the experiments is available at http://youtu.be/RyTmWVbgt34.
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(a) Case I: quadrotor position control system [45]
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(b) Case II: proposed control system for quadrotor with suspended
payload
Figure 36: Experimental results (xd:black, x:red, x+ l1q1:blue)
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Figure 37: Snapshot of a quadrotor UAV stabilizing a payload
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Figure 38: Experimental results: link deflection angles
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Chapter 6: Conclusions
We conclude our research and work of this dissertation here. In this section, first a
summary of conclusions is given and it is followed by the future work.
6.1 Conclusions
A new nonlinear adaptive control system is proposed for tracking control of
quadrotor unmanned aerial vehicles. It is developed directly on the special or-
thogonal group to avoid complexities and ambiguities that are associated with
Euler-angles or quaternions, and the proposed adaptive control term guaran-
tees almost global attractively for the tracking error variables in the existence
of uncertainties.
Euler-Lagrange equations have been derived for multiple cooperative quadro-
tor UAVs and the chain pendulum to model each flexible cable transporting
a rigid body in 3D space. These derivations developed in a remarkably com-
pact form which allows us to choose arbitrary number and any configuration
of the links. We developed a geometric nonlinear controller to stabilize the
links below the quadrotor in the equilibrium position from any chosen initial
condition. We expanded these derivations in such way that there is no need
of using local angle coordinate. Rigorous mathematical stability proofs are
given without any time-scale separation assumptions and these are verified by
mathematical analysis, numerical simulations, and experiments for aggressive
maneuvers concurrently.
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6.2 Challenges & Future Work
Several limitations and challenges are considered for the proposed dynamic
model, controller and experimental testbed. Some of the limitations, impor-
tant hardware challenges, and future directions are listed bellow
• Communication is very important in real-time experiments. We need high
speed update rate in order to maintain an aggressive maneuver, and any failure
in communication causes instability of the system and would lead to incidents.
• Batteries used for the experiment can play an important role in a successful
maneuver. They can be drained very soon and it affects the performance of
the hardware and the gain tuning process.
• Different sensors are used in real-time experiments. For example, an IMU
used to obtain the angular velocities, and Vicon Motion Capture system to
obtain the position of the object. In both, sensors provide the noisy data
which needed to be filtered or estimated to obtain smooth data. Furthermore,
we experienced delay in receiving the data using the Vicon system.
• The flexible cables are considered into the dynamic of the system by modeling
them as serially connected links. As more as links get used in the cable,
the dynamic model becomes more accurate. However, additional sensors are
needed to measure the deformation of the cable accurately.
• The proposed cable model via interconnected lumped masses is readily gen-
eralized to uniform mass distribution at each link. Based on the assumption
that the diameter of the cable is much smaller than its length, the torsion of
the bending moment are not considered in this dissertation.
• Payload stabilization with single and multiple quadrotor UAVs to a fixed po-
sition are presented in this work. Dynamics model can be used and new
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controller can be extended and designed for tracking time-varying trajecto-
ries.
• Experimental results for payload trajectory tracking is another future direction
of this dissertation. There are several challenges in running experiments with
multiple quadrotors simultaneously and tracking a desired trajectory for a
payload with multiple quadrotor UAV’s to validate the derivation for time-
continuous controller.
• Future directions include extending this research in an outdoor environment
to identify the wind effects and verifying the performance of the controller in
various weather situations. A GPS system can be installed on the quadrotors
instead of the Motion Capture system in a laboratory to identify the position
and velocity of the quadrotor.
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Appendix- Proofs
A.1 Proof for Proposition 1
The proofs of (i)-(iii) are available at [55, (Chap. 11)]. To show (iv) and (v), let
Q = RTdR = exp xˆ ∈ SO(3) for x ∈ R3 from Rodrigues’ formula. Using the MATLAB
Symbolic Computation Tool, we find
Ψ =
1− cos ‖x‖
2‖x‖2
∑
(i,j,k)∈C
(gi + gj)x
2
k,
‖eR‖2 = (1− cos ‖x‖)
2
4‖x‖4
∑
(i,j,k)∈C
(gi − gj)2x2ix2j +
sin2 ‖x‖
4‖x‖2
∑
(i,j,k)∈C
(gi + gj)
2x2k,
where C = {(1, 2, 3), (2, 3, 1), (3, 1, 2)}. When Ψ = 0, Eq. 12 is trivial. Assuming that
Ψ 6= 0, therefore ‖x‖ 6= 0, an upper bound of ‖eR‖2
Ψ
is given by
‖eR‖2
Ψ
≤ 1
2h1
(1− cos ‖x‖)h2 + 1
2h1
(1 + cos ‖x‖)h3 ≤ h2 + h3
h1
,
which shows Eq. 12.
Next, we consider (v). When Ψ = 0, Eq. 13 is trivial. Hereafter, we assume
Ψ 6= 0, therefore R 6= Rd. At the three remaining critical points of Ψ, the values of
Ψ are given by g1 + g2, g2 + g3, or g3 + g1. So, from the given bound Ψ < ψ, these
three critical points are avoided, and we can guarantee that eR 6= 0 and ‖x‖ < pi. An
upper bound of Ψ‖eR‖2 is given by
Ψ
‖eR‖2 ≤
2(1− cos ‖x‖)
sin ‖x‖2
∑
C(gi + hj)x
2
k/‖x‖2∑
C(gi + hj)
2x2k/‖x‖2
≤ 2
1 + cos ‖x‖
h4
h5
, (109)
Also, an upper bound of 2− ψ is given by
h1 − ψ < h1 −Ψ ≤ h1 − 1− cos ‖x‖
2
h1 =
h1
2
(1 + cos ‖x‖). (110)
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Substituting this into Eq. 109, we have
Ψ
‖eR‖2 ≤
h4h1
h5(h1 − ψ) = h2,
which shows Eq. 13.
For a given tracking command (Rd,Ωd), and current attitude and angular velocity
(R,Ω), we define an attitude error function Ψ : SO(3)× SO(3) ∈ R as
Ψ(R,Rd) =
1
2
tr[I −RTdR]. (111)
The desired angular velocity can be written as follows
Ωˆd = R
T
d R˙d. (112)
We take the derivative to find the eR and eΩ
DΨ(R,Rd) = −1
2
tr[d(RTdR)] = −
1
2
tr[RTdRηˆ]. (113)
Using
tr(xˆA) = tr[Axˆ] =
1
2
tr[xˆ(A− AT )] = −xT (A− AT )∨, (114)
we can conclude
tr[RTdRηˆ] = −η(RTdR−RdRT )∨, (115)
DΨ(R,Rd) ·Rηˆ = 1
2
(RTdR−RTRd)∨ · η. (116)
We define
eR =
1
2
(RTdR−RTRd)∨, (117)
and
Ωˆd = R
T
d R˙d ⇒ R˙d = RdΩˆd. (118)
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So we can write and simplify the following equation to find the eΩ
R˙− R˙d(RTR) = RΩˆ−RdΩˆdRTdR = R(Ωˆ−RTRdΩˆdRTdR). (119)
Comparing the above equation with R˙ = RΩˆ, we can result in the following equation
eˆΩ = Ωˆ−RTRdΩˆdRTdR, (120)
or
eΩ = Ω−RTRdΩd. (121)
Now, we try to find an expression for Ψ˙ by taking time-derivative of Ψ
Ψ˙ =
1
2
tr[−( d
dt
RTd )R−RTd R˙]. (122)
Substituting R˙ = RΩˆ and R˙Td = −ΩˆdRTd into the above expression, we would have
Ψ˙ = −1
2
tr[−ΩˆdRTdR +RTdRΩˆ], (123)
and we can rewrite the above equation as follows
Ψ˙ =
1
2
eTΩ(R
T
dR−RTRd)∨, (124)
so
Ψ˙ = eR · eΩ. (125)
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A.2 Proof for Proposition 2
We first find the error dynamics for eR, eΩ, and define a Lyapunov function. Then,
we find conditions on control parameters to guarantee the boundedness of tracking
errors. Using (3), (4), (24), the time-derivative of JeΩ can be written as
Je˙Ω = {JeΩ + d}∧eΩ − kReR − kΩeΩ +WRθ˜R, (126)
where d = (2J − tr[J ]I)RTRdΩd ∈ R3 and θ˜R = θR − θ¯R. The important property
is that the first term of the right hand side is normal to eΩ, and it simplifies the
subsequent Lyapunov analysis. Define a Lyapunov function V2 be
V2 = 1
2
eΩ · JeΩ + kR Ψ(R,Rd) + c2eR · JeΩ + 1
2γR
‖θ˜R‖2. (127)
From (12), (13), the Lyapunov function V2 is bounded as
zT2 M21z2 +
1
2γR
‖θ˜R‖2 ≤ V2 ≤ zT2 M22z2 +
1
2γR
‖θ˜R‖2, (128)
where z2 = [‖eR‖, ‖eΩ‖]T ∈ R2, and the matrices M21,M22 are given by
M21 =
1
2
 kR −c2λM
−c2λM λm
 , M22 = 1
2
 2kR2−ψ2 c2λM
c2λM λM
 . (129)
From (13), the upper-bound of (128) is satisfied in the following domain:
D2 = {(R,Ω) ∈ SO(3)× R3 |Ψ(R,Rd) < ψ2 < 2}. (130)
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From (14), (230), the time derivative of V2 along the solution of the controlled system
is given by
V˙2 =− kΩ‖eΩ‖2 + eTΩWRθ˜R + c2e˙R · JeΩ + c2eR · Je˙Ω +
1
γR
(θ˜)T ( ˙˜θ).
We have ˙˜θR = − ˙¯θR. Substituting (230), the above equation becomes
V˙2 =− kΩ‖eΩ‖2 + c2e˙R · JeΩ − c2kR‖eR‖2
+ c2eR · ((JeΩ + d)∧eΩ − kΩeΩ)
+ θ˜TRW
T
R(eΩ + c2eR)−
1
γR
θ˜TR
˙¯θR.
By substituting the adaptive law given by (16)
V˙2 =− kΩ‖eΩ‖2 + c2e˙R · JeΩ − c2kR‖eR‖2 + c2eR · ((JeΩ + d)∧eΩ − kΩeΩ).
Since ‖eR‖ ≤ 1, ‖e˙R‖ ≤ ‖eΩ‖, and ‖d‖ ≤ B2, we have
V˙2 ≤ −zT2 W2z2, (131)
where the matrix W2 ∈ R2×2 is given by
W2 =
 c2kR − c22 (kΩ +B2)
− c2
2
(kΩ +B2) kΩ − 2c2λM
 .
The condition on c2 given at (237) guarantees that all of matrices M21, W2 are positive
definite. According to the LaSalle-Yoshizawa theorem [65, Theorem A.8], this implies
that the zero equilibrium of tracking errors and the estimation error is stable in the
sense of Lyapunov, and eR, eΩ → 0 as t→∞. Furthermore θ˜R is uniformly bounded.
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A.3 Proof for Proposition 3
We derive the tracking error dynamics and a Lyapunov function for the translational
dynamics of a quadrotor UAV, and later it is combined with the stability analysis of
the rotational dynamics. The subsequent analysis are developed in the domain D1
D1 = {(ex, ev, R, eΩ) ∈ R3 × R3 × SO(3)× R3 |
‖ex‖ < exmax , Ψ < ψ1 < 1}, (132)
Similar to (13), we can show that
1
2
‖eR‖2 ≤ Ψ(R,Rc) ≤ 1
2− ψ1 ‖eR‖
2 . (133)
a) Translational Error Dynamics
The time derivative of the position error is e˙x = ev. The time-derivative of the velocity
error is given by
me˙v = mx¨−mx¨d = mge3 − fRe3 −mx¨d +Wxθx. (134)
Consider the quantity eT3R
T
c Re3, which represents the cosine of the angle between
b3 = Re3 and b3c = Rce3. Since 1 − Ψ(R,Rc) represents the cosine of the eigen-axis
rotation angle between Rc and R, we have e
T
3R
T
c Re3 ≥ 1 − Ψ(R,Rc) > 0 in D1.
Therefore, the quantity 1
eT3 R
T
c Re3
is well-defined. To rewrite the error dynamics of ev
in terms of the attitude error eR, we add and subtract
f
eT3 R
T
c Re3
Rce3 to the right hand
side of (134) to obtain
me˙v = mge3 −mx¨d − f
eT3R
T
c Re3
Rce3 −X +Wxθx, (135)
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where X ∈ R3 is defined by
X =
f
eT3R
T
c Re3
((eT3R
T
c Re3)Re3 −Rce3). (136)
Let A = −kxex − kvev − Wxθ¯x − mge3 + mx¨d. Then, from (21), (23), we have
b3c = Rce3 = −A/ ‖A‖ and f = −A · Re3. By combining these, we obtain f =
(‖A‖Rce3) · Re3. Therefore, the third term of the right hand side of (135) can be
written as
− f
eT3R
T
c Re3
Rce3 = −(‖A‖Rce3) ·Re3
eT3R
T
c Re3
· − A‖A‖ = A
= −kxex − kvev −Wxθ¯x −mge3 +mx¨d.
Substituting this into (135), the error dynamics of ev can be written as
me˙v =− kxex − kvev −Wxθ¯x −X +Wxθx
= −kxex − kvev +Wxθ˜x −X. (137)
where θ˜x = θx − θ¯x is the estimation errors.
b) Lyapunov Candidate for Translation Dynamics
Let a Lyapunov candidate V1 be
V1 = 1
2
kx‖ex‖2 + 1
2
m‖ev‖2 + c1ex ·mev + 1
2γx
‖θ˜x‖2. (138)
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The derivative of V1 along the solution of (137) is given by
V˙1 =− (kv −mc1)‖ev‖2 − c1kx‖ex‖2
− c1kvex · ev +X · {c1ex + ev}
+Wxθ˜x · {ev + c1ex} − 1
γx
θ˜Tx
˙¯θx. (139)
For the first case of the adaptive law given by (25), the last two terms of (139) are
cancelled out. Also for the second case [60] that ˙¯θx = γx(I − θ¯xθ¯Txθ¯Tx θ¯x )W
T
x (ev + c1ex), we
obtain
V˙1 =− (kv −mc1)‖ev‖2 − c1kx‖ex‖2
− c1kvex · ev +X · {c1ex + ev}
+ θ˜Tx
θ¯xθ¯
T
x
θ¯Tx θ¯x
W Tx (ev + c1ex). (140)
In the above equation, the last term on the right hand side is always negative since
θ¯TxW
T
x (ev + c1ex) > 0 and θ˜
T
x θ¯x ≤ 0. Therefore for both cases of (25), we obtain
V˙1 ≤− (kv −mc1)‖ev‖2 − c1kx‖ex‖2 − c1kvex · ev +X · {c1ex + ev} . (141)
The last term of the above equation corresponds to the effects of the attitude tracking
error on the translational dynamics. We find a bound of X, defined at (136), to
show stability of the coupled translational dynamics and rotational dynamics in the
subsequent Lyapunov analysis. Since f = ‖A‖(eT3RTc Re3), we have
‖X‖ ≤‖A‖ ‖(eT3RTc Re3)Re3 −Rce3‖
≤(kx‖ex‖+ kv‖ev‖+BWxBθ +B1)× ‖(eT3RTc Re3)Re3 −Rce3‖.
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The last term ‖(eT3RTc Re3)Re3 −Rce3‖ represents the sine of the angle between b3 =
Re3 and bc3 = Rce3, since (b3c · b3)b3 − b3c = b3 × (b3 × b3c). The magnitude of the
attitude error vector, ‖eR‖ represents the sine of the eigen-axis rotation angle between
Rc and R (see [41]). Therefore, ‖(eT3RTc Re3)Re3 − Rce3‖ ≤ ‖eR‖ in D1. It follows
that
‖(eT3RTdRe3)Re3 −Rde3‖ ≤ ‖eR‖ =
√
Ψ(2−Ψ)
≤
{√
ψ1(2− ψ1) , α
}
< 1. (142)
Therefore, X is bounded by
‖X‖ ≤ (kx‖ex‖+ kv‖ev‖+BWxBθ +B1)‖eR‖
≤ (kx‖ex‖+ kv‖ev‖+BWxBθ +B1)α. (143)
Substituting (143) into (141),
V˙1 ≤ −(kv(1− α)−mc1)‖ev‖2 − c1kx(1− α)‖ex‖2
+ c1kv(1 + α)‖ex‖‖ev‖
+ ‖eR‖ {(BWxBθ +B1)(c1‖ex‖+ ‖ev‖) + kx‖ex‖‖ev‖} . (144)
In the above expression for V˙1, there is a third-order error term, namely kx‖eR‖‖ex‖‖ev‖.
Using (142), it is possible to choose its upper bound as kxα‖ex‖‖ev‖ similar to other
terms, but the corresponding stability analysis becomes complicated, and the initial
attitude error should be reduced further. Instead, we restrict our analysis to the
domain D1 defined in (242), and its upper bound is chosen as kxexmax‖eR‖‖ev‖.
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c) Lyapunov Candidate for the Complete System
Let V = V1 + V2 be the Lyapunov candidate of the complete system. Define z1 =
[‖ex‖, ‖ev‖]T , z2 = [‖eR‖, ‖eΩ‖]T ∈ R2, and
VA = 1
2γx
‖θx − θ¯x‖2 + 1
2γR
‖θR − θ¯R‖2.
Using (243), the bound of the Lyapunov candidate V can be written as
zT1 M11z1 + z
T
2 M21z2 + VA ≤ V ≤ zT1 M12z1 + zT2 M ′22z2 + VA, (145)
where the matrices M11,M12,M21,M22 are given by
M11 =
1
2
 kx −mc1
−mc1 m
 , M12 = 1
2
 kx mc1
mc1 m
 ,
M21 =
1
2
 kR −c2λM
−c2λM λm
 , M22 = 1
2
 2kR2−ψ1 c2λM
c2λM λM
 .
Using (236) and (144), the time-derivative of V is given by
V˙ ≤ −zT1 W1z1 + zT1 W12z2 − zT2 W2z2 ≤ −zTWz (146)
where z = [z1, z2]
T ∈ R2, and the matrices W1,W12,W2 ∈ R2×2 are defined at (29)-
(31). The matrix W ∈ R2×2 is given by
W =
 λm(W1) −12‖W12‖2
−1
2
‖W12‖2 λm(W2)
 .
The conditions given at (237), (27), (28) guarantee that all of matricesM11,M12,M21,M22,W
are positive definite. According to the LaSalle-Yoshizawa theorem [65, Theorem A.8],
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this implies that the zero equilibrium of tracking errors and the estimation errors is
stable in the sense of Lyapunov, and tracking errors asymptotically converge to zero.
Furthermore, estimation errors are uniformly bounded.
A.4 Proof for Proposition 4
According to the proof of Proposition 2, the attitude tracking errors asymptotically
decrease to zero, and therefore, they enter the region given by (26) in a finite time t∗,
after which the results of Proposition 3 can be applied to yield attractiveness. The
remaining part of the proof is showing that the tracking error z1 = [‖ex‖, ‖ev‖]T is
bounded in t ∈ [0, t∗]. This is similar to the proof given at [28].
A.5 Proof for Proposition 5
From (38) and (40), the Lagrangian is given by
L =
1
2
M00‖x˙‖2 + x˙ ·
n∑
i=1
M0iq˙i +
1
2
n∑
i,j=1
Mij q˙i · q˙j
+
n∑
i=1
n∑
a=i
maglie3 · qi +M00ge3 · x+ 1
2
ΩTJΩ, (147)
The derivatives of the Lagrangian are given by
DxL = M00ge3,
Dx˙L = M00x˙+
n∑
i=1
M0iq˙i,
where DxL represents the derivative of L with respect to x. From the variation of
the angular velocity given after (77), we have
DΩL · δΩ = JΩ · (η˙ + Ω× η) = JΩ · η˙ − η · (Ω× JΩ). (148)
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Similarly from (78), the derivative of the Lagrangian with respect to qi is given by
DqiL · δqi =
n∑
a=i
maglie3 · (ξi × qi) = −
n∑
a=i
maglieˆ3qi · ξi.
The variation of q˙i is given by
δq˙i = ξ˙i × qi + ξi × qi.
Using this, the derivative of the Lagrangian with respect to q˙i is given by
Dq˙iL · δq˙i = (Mi0x˙+
n∑
j=1
Mij q˙j) · δq˙i
= (Mi0x˙+
n∑
j=1
Mij q˙j) · (ξ˙i × q + ξi × q˙i)
= qˆi(Mi0x˙+
n∑
j=1
Mij q˙j) · ξ˙i + ˆ˙qi(Mi0x˙+
n∑
j=1
Mij q˙j) · ξi.
Let G be the action integral, i.e., G =
∫ tf
t0
Ldt. From the above expressions for the
derivatives of the Lagrangian, the variation of the action integral can be written as
δG =
∫ tf
t0
{M00x˙+
n∑
i=1
M0iq˙i} · δx˙+M00ge3 · δx
+
n∑
i=1
{qˆi(Mi0x˙+
n∑
j=1
Mij q˙j)} · ξ˙i
+
n∑
i=1
{ˆ˙qi(Mi0x˙+
n∑
j=1
Mij q˙j)−
n∑
a=i
maglieˆ3qi} · ξi
+ JΩ · η˙ − η · (Ω× JΩ) dt.
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Integrating by parts and using the fact that variations at the end points vanish, this
reduces to
δG =
∫ tf
t0
{M00ge3 −M00x¨−
n∑
i=1
M0iq¨i} · δx
+
n∑
i=1
{−qˆi(Mi0x¨+
n∑
j=1
Mij q¨j)−
n∑
a=i
maglieˆ3qi} · ξi
− η · (JΩ˙ + Ω× JΩ) dt.
According to the Lagrange-d’Alembert principle, the variation of the action integral
is equal to the negative of the virtual work done by the external force and moment,
namely
−
∫ tf
t0
(−fRe3 + ∆x) · δx+ (M + ∆R) · η dt, (149)
and we obtain (43) and (45). As ξi is perpendicular to qi, we also have
−qˆ2i (Mi0x¨+
n∑
j=1
Mij q¨j) +
n∑
a=i
magliqˆ
2
i e3 = 0. (150)
Equation (150) is rewritten to obtain an explicit expression for q¨i. As qi · q˙i = 0, we
have q˙i · q˙i + qi · q¨i = 0. Using this, we have
−qˆ2i q¨i = −(qi · q¨i)qi + (qi · qi)q¨i = (q˙i · q˙i)qi + q¨i.
Substituting this equation into (150), we obtain (44). This can be slightly rewritten
in terms of the angular velocities. Since q˙i = ωi × qi for the angular velocity ωi
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satisfying qi · ωi = 0, we have
q¨i = ω˙i × qi + ωi × (ωi × qi)
= ω˙i × qi − ‖ωi‖2qi = −qˆiω˙i − ‖ωi‖2qi.
Using this and the fact that ω˙i · qi = 0, we obtain (47).
A.6 Proof for Proposition 6
The variations of x, u and q are given by (51) and (52). From the kinematics equation
q˙i = ωi × qi, δq˙i is given by
δq˙i = ξ˙i × e3 = δωi × e3 + 0× (ξi × e3) = δωi × e3.
Since both sides of the above equation is perpendicular to e3, this is equivalent to
e3 × (ξ˙i × e3) = e3 × (δωi × e3), which yields
ξ˙ − (e3 · ξ˙)e3 = δωi − (e3 · δωi)e3.
Since ξi · e3 = 0, we have ξ˙ · e3 = 0. As e3 · δωi = 0 from the constraint, we obtain the
linearized equation for the kinematics equation:
ξ˙i = δωi. (151)
Substituting these into (47), and ignoring the higher order terms, we obtain (53).
See [66] for details.
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A.7 Proof for Proposition 7
We first show stability of the rotational dynamics, and later it is combined with
the stability analysis of the translational dynamics of quad rotor and the rotational
dynamics of links.
a) Attitude Error Dynamics
Here, attitude error dynamics for eR, eΩ are derived and we find conditions on control
parameters to guarantee the boundedness of attitude tracking errors. The time-
derivative of JeΩ can be written as
Je˙Ω = {JeΩ + d}∧eΩ − kReR − kΩeΩ − kIeI + ∆R, (152)
where d = (2J − tr[J ]I)RTRdΩd ∈ R3 [64]. The important property is that the first
term of the right hand side is normal to eΩ, and it simplifies the subsequent Lyapunov
analysis.
b) Stability for Attitude Dynamics
Define a configuration error function on SO(3) as follows
Ψ =
1
2
tr[[]I −RTc R]. (153)
We introduce the following Lyapunov function
V2 =1
2
eΩ · Je˙Ω + kRΨ(R,Rd) + c2eR · eΩ + 1
2
kI‖eI − ∆R
kI
‖2. (154)
Consider a domain D2 given by
D2 = {(R,Ω) ∈ SO(3)× R3 |Ψ(R,Rd) < ψ2 < 2}. (155)
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In this domain we can show that V2 is bounded as follows [64]
zT2 M21z2 +
kI
2
‖eI − ∆R
kI
‖2 ≤ V2 ≤ zT2 M22z2 +
kI
2
‖eI − ∆R
kI
‖2, (156)
where z2 = [‖eR‖, ‖eΩ‖]T ∈ R2 and the matrices M21, M22 are given by
M21 =
1
2
 kR −c2λM
−c2λM λm
 ,M22 = 1
2
 2kR2−ψ2 c2λM
c2λM λM
 , (157)
The time derivative of V2 along the solution of the controlled system is given by
V˙2 =− kΩ‖eΩ‖2 − eΩ · (kIeI −∆R) + c2e˙R · JeΩ + c2eR · Je˙Ω + (kIeI −∆R)e˙I .
We have e˙I = c2eR + eΩ from (67). Substituting this and (230), the above equation
becomes
V˙2 =− kΩ‖eΩ‖2 + c2e˙R · JeΩ − c2kR‖eR‖2 + c2eR · ((JeΩ + d)∧eΩ − kΩeΩ).
We have ‖eR‖ ≤ 1, ‖e˙R‖ ≤ ‖eΩ‖ [64], and choose a constant B2 such that ‖d‖ ≤ B2.
Then we have
V˙2 ≤ −zT2 W2z2, (158)
where the matrix W2 ∈ R2×2 is given by
W2 =
 c2kR − c22 (kΩ +B2)
− c2
2
(kΩ +B2) kΩ − 2c2λM
 .
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The matrix W2 is a positive definite matrix if
c2 < min{
√
kRλm
λM
,
4kΩ
8kRλM + (kΩ +B2)2
}. (159)
This implies that
V˙2 ≤ −λm(W2)‖z2‖2, (160)
which shows stability of attitude dynamics.
c) Translational Error Dynamics
We derive the tracking error dynamics and a Lyapunov function for the translational
dynamics of a quadrotor UAV and the dynamics of links. Later it is combined with
the stability analyses of the rotational dynamics. This proof is based on the Lyapunov
method presented in Theorem 3.6 and 3.7 [63]. From (51), (43), (53), and (105), the
linearized equation of motion for the controlled full dynamic model is given by
Mx¨ + Gx = B(−fRe3 −M00ge3) + g(x, x˙) + B∆x, (161)
and g(x, x˙) is higher order term. The subsequent analyses are developed in the domain
D1
D1 = {(x, x˙, R, eΩ) ∈ R2n+3 × R2n+3 × SO(3)× R3 |Ψ < ψ1 < 1}. (162)
In the domain D1, we can show that
1
2
‖eR‖2 ≤ Ψ(R,Rc) ≤ 1
2− ψ1 ‖eR‖
2 . (163)
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Consider the quantity eT3R
T
c Re3, which represents the cosine of the angle between
b3 = Re3 and b3c = Rce3. Since 1 − Ψ(R,Rc) represents the cosine of the eigen-axis
rotation angle between Rc and R, we have e
T
3R
T
c Re3 ≥ 1 − Ψ(R,Rc) > 0 in D1.
Therefore, the quantity 1
eT3 R
T
c Re3
is well-defined. We add and subtract f
eT3 R
T
c Re3
Rce3 to
the right hand side of (239) to obtain
Mx¨ + Gx =B(
−f
eT3R
T
c Re3
Rce3 −X −M00ge3 + ∆x) + g(x, x˙), (164)
where X ∈ R3 is defined by
X =
f
eT3R
T
c Re3
((eT3R
T
c Re3)Re3 −Rce3). (165)
The first term on the right hand side of (164) can be written as
− f
eT3R
T
c Re3
Rce3 = −(‖A‖Rce3) ·Re3
eT3R
T
c Re3
· − A‖A‖ = A. (166)
Substituting this and (57) into (164)
Mx¨ + Gx = B(−Kxx−Kx˙x˙−Kz sat
σ
(ex)−X + ∆x) + g(x, x˙), (167)
This can be rearranged as
x¨ =− (M−1G + M−1BKx)x− (M−1BKx˙)x˙
−M−1BX −M−1BKz sat
σ
(ex) + M
−1g(x, x˙) + M−1B∆x.
(168)
Using the definitions for A, B, and z1 presented before, the above expression can be
rearranged as
z˙1 =Az1 +B(−BX + g(x, x˙)−BKz sat
σ
(ex) + B∆x). (169)
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d) Lyapunov Candidate for Translation Dynamics
From the linearized control system developed at section 3, we use matrix P to intro-
duce the following Lyapunov candidate for translational dynamics
V1 = zT1 Pz1 + 2
∫ ex
peq
(BKz sat
σ
(µ)−B∆x) · dµ. (170)
The last integral term of the above equation is positive definite about the equilibrium
point ex = peq where
peq = [
∆x
kz
, 0, 0, · · · ], (171)
if
δ < kzσ, (172)
considering the fact that satσ y = y if y < σ. The time derivative of the Lyapunov
function using the Leibniz integral rule is given by
V˙1 = z˙T1 Pz1 + zT1 P z˙1 + 2e˙x · (BKz sat
σ
(ex)−B∆x). (173)
Since e˙Tx = ((PB)
T z1)
T = zT1 PB from (58), the above expression can be written as
V˙1 = z˙T1 Pz1 + zT1 P z˙1 + 2zT1 PB(BKz sat
σ
(ex)−B∆x). (174)
Substituting (249) into (174), it reduces to
V˙1 = zT1 (ATP + PA)z1 + 2zT1 PB(−BX + g(x, x˙)). (175)
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Let c3 = 2‖PBB‖2 ∈ R and using ATP + PA = −Q, we have
V˙1 ≤ −zT1 Qz1 + c3‖z1‖‖X‖+ 2zT1 PBg(x, x˙). (176)
The second term on the right hand side of the above equation corresponds to the
effects of the attitude tracking error on the translational dynamics. We find a bound
of X, defined at (245), to show stability of the coupled translational dynamics and
rotational dynamics in the subsequent Lyapunov analysis. Since
f = ‖A‖(eT3RTc Re3), (177)
we have
‖X‖ ≤ ‖A‖‖(eT3RTc Re3)Re3 −Rce3‖. (178)
The last term ‖(eT3RTc Re3)Re3 −Rce3‖ represents the sine of the angle between b3 =
Re3 and b3c = Rce3, since (b3c · b3)b3 − b3c = b3 × (b3 × b3c). The magnitude of the
attitude error vector, ‖eR‖ represents the sine of the eigen-axis rotation angle between
Rc and R. Therefore, ‖(eT3RTc Re3)Re3 −Rce3‖ ≤ ‖eR‖ in D1. It follows that
‖(eT3RTc Re3)Re3 −Rce3‖ ≤ ‖eR‖ =
√
Ψ(2−Ψ)
≤ {
√
ψ1(2− ψ1) , α} < 1,
(179)
therefore
‖X‖ ≤ ‖A‖‖eR‖
≤ ‖A‖α.
(180)
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We also use the following properties
λmin(Q)‖z1‖2 ≤ zT1 Qz1. (181)
Note that λmin(Q) is real and positive since Q is symmetric and positive definite.
Then, we can simplify (254) as given
V˙1 ≤ −λmin(Q)‖z1‖2 + c3‖z1‖‖A‖‖eR‖+ 2zT1 PBg(x, x˙). (182)
We find an upper boundary for
A = −Kxx−Kx˙x˙−Kz sat
σ
(ex) +M00ge3, (183)
by defining
‖M00ge3‖ ≤ B1, (184)
for a given positive constant B1. We use the following properties where for any matrix
A ∈ Rm×n
‖A‖2 ≤
√
mn‖A‖max, (185)
where ‖A‖max = max{amn}. The third term on the right hand side of (259) can be
bounded as
‖ −Kz sat
σ
(ex)‖ ≤ ‖Kz‖‖ sat
σ
(ex)‖ ≤ ‖Kz‖
√
2n+ 3σ, (186)
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where
‖Kz‖ ≤
√
3(2n+ 3)‖Kz‖max,
and similarly
‖Kx‖ ≤
√
3(2n+ 3)‖Kx‖max,
‖Kx˙‖ ≤
√
3(2n+ 3)‖Kx˙‖max.
We define Kmax, Kzm ∈ R
Kmax = max{‖Kx‖max, ‖Kx˙‖max}
√
3(2n+ 3),
Kzm =
√
3(2n+ 3)‖Kz‖max,
and then the upper bound of A is given by
‖A‖ ≤ Kmax(‖x‖+ ‖x˙‖) + σKzm +B1 (187)
≤ 2Kmax‖z1‖+ (B1 + σKzm), (188)
and substitute (261) into (182)
V˙1 ≤− (λmin(Q)− 2c3Kmaxα)‖z1‖2
+ c3(B1 + σKzm)‖z1‖‖eR‖+ 2zT1 PBg(x, x˙).
(189)
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e) Lyapunov Candidate for the Complete System
Let V = V1 + V2 be the Lyapunov function for the complete system. The time
derivative of V is given by
V˙ = V˙1 + V˙2. (190)
Substituting (263) and (238) into the above equation
V˙ ≤ − (λmin(Q)− 2c3Kmaxα)‖z1‖2 + 2zT1 PBg(x, x˙)
+ c3(B1 + σKzm)‖z1‖‖eR‖ − λm(W2)‖z2‖2,
(191)
and using ‖eR‖ ≤ ‖z2‖, it can be written as
V˙ ≤ − (λmin(Q)− 2c3Kmaxα)‖z1‖2 + 2zT1 PBg(x, x˙)
+ c3(B1 + σKzm)‖z1‖‖z2‖ − λm(W2)‖z2‖2.
(192)
Also, the 2zT1 PBg(x, x˙) term in the above equation is indefinite. The function g(x, x˙)
satisfies
‖g(x, x˙)‖
‖z1‖ → 0 as ‖z1‖ → 0. (193)
Then, for any γ > 0 there exists r > 0 such that
‖g(x, x˙)‖ < γ‖z1‖, ∀‖z1‖ < r, (194)
so,
2zT1 PBg(x, x˙) ≤ 2γ‖P‖2‖z1‖2. (195)
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Substituting the above equation into (266)
V˙ ≤ − (λmin(Q)− 2c3Kmaxα)‖z1‖2 + 2γ‖P‖2‖z1‖2
+ c3(B1 + σKzm)‖z1‖‖z2‖ − λm(W2)‖z2‖2,
(196)
we obtain
V˙ ≤ −zTWz + 2γ‖P‖2‖z1‖2, (197)
where z = [z1, z2]
T ∈ R2 and
W =
λmin(Q)− 2c3Kmaxα − c3(B1+σKzm )2
− c3(B1+σKzm )
2
λm(W2)
 . (198)
By using ‖z1‖ ≤ ‖z‖, we obtain
V˙ ≤ −(λmin(W )− 2γ‖P‖2)‖z‖2. (199)
Choosing γ < (λmin(W ))/2‖P‖2, ensures that V˙ is negative semi-definite. This im-
plies that the zero equilibrium of tracking errors is stable in the sense of Lyapunov
and V is non-increasing. Therefore all of error variables z1, z2 and integral control
terms eI , ex are uniformly bounded. Also, from Lasalle-Yoshizawa theorem [63, Thm
3.4], we have z → 0 as t→∞.
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A.8 Proof for Proposition 8
a) Kinetic Energy
The kinetic energy of the whole system is composed of the kinetic energy of quadro-
tors, cables and the rigid body, as
T =
1
2
m0‖x˙0‖2 +
n∑
i=1
ni∑
j=1
1
2
mij‖x˙ij‖2 + 1
2
n∑
i=1
mi‖x˙i‖2 + 1
2
n∑
i=1
Ωi · JiΩi + 1
2
Ω0 · J0Ω0.
(200)
Substituting the derivatives of (73) and (74) into the above expression we have
T =
1
2
m0‖x˙0‖2 +
n∑
i=1
ni∑
j=1
1
2
mij‖x˙0 + R˙0ρi −
ni∑
a=j+1
liaq˙ia‖2
+
1
2
n∑
i=1
mi‖x˙0 + R˙0ρi −
ni∑
a=1
liaq˙ia‖2 + 1
2
n∑
i=1
Ωi · JiΩi + 1
2
Ω0 · J0Ω0. (201)
We expand the above expression as follow
T =
1
2
(m0‖x˙0‖2 +
n∑
i=1
ni∑
j=1
mij‖x˙0‖2 +
n∑
i=1
mi‖x˙0‖2)
+
1
2
n∑
i=1
(
ni∑
j=1
mij‖R˙0ρi‖2 +mi‖R˙0ρi‖2)
+
n∑
i=1
(
ni∑
j=1
mijx˙0 · R˙0ρi +mix˙0 · R˙0ρi)
+
1
2
n∑
i=1
(
ni∑
j=1
mij‖
ni∑
a=j+1
liaq˙ia‖2 +mi‖
ni∑
a=1
liaq˙ia‖2)
−
n∑
i=1
(
ni∑
j=1
mijx˙0 ·
ni∑
a=j+1
liaq˙ia + x˙0 ·
ni∑
a=1
liaq˙ia)
−
n∑
i=1
(
ni∑
j=1
mijR˙0ρi ·
ni∑
a=j+1
liaq˙ia +miR˙0ρi ·
ni∑
a=1
liaq˙ia)
+
1
2
n∑
i=1
Ωi · JiΩi + 1
2
Ω0 · J0Ω0, (202)
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and substituting (83), (84), it is rewritten as
T =
1
2
MT‖x˙0‖2 + 1
2
n∑
i=1
MiT‖R˙0ρi‖2 +
n∑
i=1
(MiT x˙0 · R˙0ρi)
+
n∑
i=1
ni∑
j,k=1
M0ijlikq˙ij · q˙ik −
n∑
i=1
(x˙0 ·
ni∑
j=1
M0ijlij q˙ij)
−
n∑
i=1
(R˙0ρi ·
ni∑
j=1
M0ijlij q˙ij)
+
1
2
n∑
i=1
Ωi · JiΩi + 1
2
Ω0 · J0Ω0. (203)
b) Potential Energy
We can derive the potential energy expression by considering the gravitational forces
on each part of system as given
V = −m0ge3 · x0 −
n∑
i=1
mige3 · xi −
n∑
i=1
ni∑
j=1
mijge3 · xij. (204)
Using (73) and (74), we obtain
V =−m0ge3 · x0 −
n∑
i=1
mige3 · (x0 +R0ρi −
ni∑
a=1
liaqia)
−
n∑
i=1
ni∑
j=1
mijge3 · (x0 +R0ρi −
ni∑
a=j+1
liaqia), (205)
and utilizing (84), we can simplify the potential energy as
V = −MTge3 · x0 −
n∑
i=1
MiTge3 ·R0ρi +
n∑
i=1
ni∑
j=1
M0ijlijqij · e3. (206)
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c) Derivatives of Lagrangian
We develop the equation of motion for the Lagrangian L = T − V . The derivatives
of the Lagrangian are given by
Dx˙0L = MT x˙0 +
n∑
i=1
MiT R˙0ρi −
n∑
i=1
ni∑
j=1
M0ijlij q˙ij, (207)
Dx0L = MTge3, (208)
Dq˙ijL =
n∑
i=1
ni∑
j=1
M0ijlikq˙ik −
n∑
i=1
M0ijlij(x˙0 + R˙0ρi), (209)
DqijL = −
n∑
i=1
M0ijlije3, (210)
where Dx˙0 denote the derivative with respect to x˙0, and other derivatives are defined
similarly. We also have
DΩ0L =J0Ω0 +
n∑
i=1
MiT ρˆiR
T
0 x˙0 −
n∑
i=1
ni∑
j=1
M0ijlij ρˆiR
T
0 q˙ij −
n∑
i=1
MiT ρˆ
2
iΩ0, (211)
DΩ0L = J¯0Ω0 +
n∑
i=1
ρˆiR
T
0 (MiT x˙0 −
ni∑
j=1
M0ijlij q˙ij), (212)
DΩiL =
n∑
i=1
JiΩi, (213)
where J¯0 is defined as
J¯0 = J0 −
n∑
i=1
MiT ρˆ
2
i . (214)
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The derivation of the Lagrangian with respect to R0 is given by
DR0L · δR0 =
n∑
i=1
MiTR0ηˆ0Ωˆ0ρi · x˙0
−
n∑
i=1
R0ηˆ0Ωˆ0ρi ·
ni∑
j=1
M0ijlij q˙ij
+
n∑
i=1
MiTge3 ·R0ηˆ0ρi, (215)
which can be rewritten as
DR0L · δR0 = dR0 · η0, (216)
where
dR0 =
n∑
i=1
(((
̂ˆ
Ω0ρiR
T
0 (MiT x˙0)−
ni∑
j=1
M0ijlij q˙ij) +MiTgρˆiR
T
0 e3)). (217)
d) Lagrange-d’Alembert Principle
Consider G =
∫ tf
t0
L be the action integral. Using the equations derived in previous
section, the infinitesimal variation of the action integral can be written as
δG =
∫ tf
t0
Dx˙0L · δx˙0 +Dx0 · δx0
+DΩ0L(η˙0 + Ω0 × η0) + dR0L · η0
+
n∑
i=1
ni∑
j=1
Dq˙ijL(ξ˙ij × qij + ξij × q˙ij)
+
n∑
i=1
ni∑
j=1
DqijL · (ξij × qij)
+
n∑
i=1
DΩiL · (η˙i + Ωi × ηi). (218)
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The total thrust at the i-th quadrotor with respect to the inertial frame is denoted by
ui = −fiRie3 ∈ R3 and the total moment at the i-th quadrotor is defined as Mi ∈ R3.
The corresponding virtual work is given by
δW =
∫ tf
t0
n∑
i=1
ui · {δx0 +R0ηˆ0ρi −
ni∑
j=1
lij ξ˙ij × qij}+Mi · ηi dt. (219)
According to Lagrange-d Alembert principle, we have δG = −δW for any variation
of trajectories with fixes end points. By using integration by parts and rearranging,
we obtain the following Euler-Lagrange equations
d
dt
Dx˙iL−Dx0L =
n∑
i=1
ui, (220)
d
dt
DΩ0 + Ω0 ×DΩ0 − dR0 =
n∑
i=1
ρˆiR
T
0 ui, (221)
qˆij
d
dt
Dq˙ijL− qˆijDqiL = −lij qˆijui, (222)
d
dt
DΩiL+ Ωi ×DΩiL = Mi. (223)
Substituting the derivatives of Lagrangians into the above expression and rearranging,
the equations of motion are given by (79), (80), (81), (82).
A.9 Proof for Proposition 9
The variations of x and q are given by (93) and (94). From the kinematics equation
q˙ij = ωij × qij and
δq˙ij = ξ˙ij × e3 = δωij × e3 + 0× (ξij × e3) = δωij × e3.
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Since both sides of the above equation is perpendicular to e3, this is equivalent to
e3 × (ξ˙ij × e3) = e3 × (δωij × e3), which yields
ξ˙ij − (e3 · ξ˙ij)e3 = δωij − (e3 · δωij)e3.
Since ξij · e3 = 0, we have ξ˙ij · e3 = 0. As e3 · δωij = 0 from the constraint, we obtain
the linearized equation for the kinematics equation of the link
ξ˙ij = δωij. (224)
The infinitesimal variation of R0 ∈ SO(3) in terms of the exponential map
δR0 =
d
d
∣∣∣∣
=0
R0 exp(ηˆ0) = R0ηˆ0, (225)
for η0 ∈ R3. Substituting these into (79), (80), and (81), and ignoring the higher
order terms, we obtain the following sets of linearized equations of motion
MT δx¨0 −
n∑
i=1
MiT ρˆiδΩ˙0 +
n∑
i=1
ni∑
j=1
M0ijlij eˆ3C(C
T ξ¨ij) =
n∑
i=1
δui (226)
n∑
i=1
MiT ρˆiδx¨0 + J¯0δΩ˙0 +
n∑
i=1
ni∑
j=1
M0ijlij ρˆieˆ3C(C
T ξ¨ij) +
n∑
i=1
m0
n
gρˆieˆ3η0 =
n∑
i=1
ρˆiδui
(227)
−M0ijCT eˆ3δx¨0 +M0ijCT eˆ3ρˆiδΩ˙0 +
ni∑
k=1
M0ijlikI2(C
T ξ¨ij)
= −CT eˆ3δui + (−MiT − m0
n
+M0ij)ge3I2(C
T ξij) (228)
η˙i = δΩi, η˙0 = δΩ0, JiδΩi = δMi, (229)
which can be written in a matrix form as presented in (95). See [66] for detailed
derivations for a similar dynamic system. We used CT eˆ23C = −I2 to simplify these
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derivations.
A.10 Proof for Proposition 10
We first show stability of the rotational dynamics of each quadrotor, and later it is
combined with the stability analysis for the remaining parts.
a) Attitude Error Dynamics
Here, attitude error dynamics for eRi , eΩi are derived and we find conditions on
control parameters to guarantee the boundedness of attitude tracking errors. The
time-derivative of JieΩi can be written as
Jie˙Ωi = {JieΩi + di}∧eΩi − kReRi − kΩeΩi , (230)
where di = (2Ji − tr[[Ji]I])RTi RidΩid ∈ R3 [45]. The important property is that the
first term of the right hand side is normal to eΩi , and it simplifies the subsequent
Lyapunov analysis.
b) Stability for Attitude Dynamics
Define a configuration error function on SO(3) as follows
Ψi =
1
2
tr[[]I −RTicRi]. (231)
We introduce the following Lyapunov function
V2 =
n∑
i=1
V2i , (232)
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where
V2i =
1
2
eΩi · Jie˙Ωi + kRΨi(Ri, Rdi) + c2ieRi · eΩi . (233)
Consider a domain D2 given by
D2 = {(Ri,Ωi) ∈ SO(3)× R3 |Ψi(Ri, Rdi) < ψ2i < 2}. (234)
In this domain we can show that V2 is bounded as follows [45]
zT2iMi21z2i ≤ V2i ≤ zT2iMi22z2i , (235)
and z2i = [‖eRi‖, ‖eΩi‖]T ∈ R2. Matrices Mi21 , Mi22 are given by
Mi21 =
1
2
 kR −c2iλMi
−c2iλMi λmi
 ,
Mi22 =
1
2
 2kR2−ψ2i c2iλMi
c2iλMi λMi
 ,
The time derivative of V2 along the solution of the controlled system is given by
V˙2 =
n∑
i=1
−kΩ‖eΩi‖2 + c2i e˙Ri · JieΩi + c2ieRi · Jie˙Ωi .
Substituting (230), the above equation becomes
V˙2 =
n∑
i=1
−kΩ‖eΩi‖2 + c2i e˙Ri · JieΩi − c2ikR‖eRi‖2
+ c2ieRi · ((JieΩi + di)∧eΩi − kΩeΩi).
128
We have ‖eRi‖ ≤ 1, ‖e˙Ri‖ ≤ ‖eΩi‖ [64], and choose a constant B2i such that ‖di‖ ≤
Bi2 . Then we have
V˙2 ≤ −
n∑
i=1
zT2iW2iz2i , (236)
where the matrix W2i ∈ R2×2 is given by
W2i =
 c2ikR − c2i2 (kΩ +B2i)
− c2i
2
(kΩ +B2i) kΩ − 2c2iλMi
 .
The matrix W2i is a positive definite matrix if
c2i < min{
√
kRλmi
λMi
,
4kΩ
8kRλMi + (kΩ +Bi2)
2
}. (237)
This implies that
V˙2 ≤ −
n∑
i=1
λm(W2i)‖z2i‖2, (238)
which shows stability of the attitude dynamics of quadrotors.
c) Error Dynamics of the Payload and Links
We derive the tracking error dynamics and a Lyapunov function for the translational
dynamics of a payload and the dynamics of links. Later it is combined with the
stability analyses of the rotational dynamics. From (79), (95), (100), and (105), the
equation of motion for the controlled dynamic model is given by
Mx¨ + Gx = B(u− u∗) + g(x, x˙), (239)
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where
u =

u1
u2
...
un

, u∗ =

−(M1T + m0n )ge3
−(M2T + m0n )ge3
...
−(MnT + m0n )ge3

, (240)
and g(x, x˙) corresponds to the higher order terms. As ui = −fiRie3 for the full
dynamic model, δu = u− u∗ is given by
δu =

−f1R1e3 + (M1T + m0n )ge3
−f2R2e3 + (M2T + m0n )ge3
...
−fnRne3 + (MnT + m0n )ge3

. (241)
The subsequent analyses are developed in the domain D1
D1 = {(x, x˙, Ri, eΩi) ∈ RDx × RDx × SO(3)× R3 |Ψi < ψ1i < 1}. (242)
In the domain D1, we can show that
1
2
‖eRi‖2 ≤ Ψi(Ri, Rci) ≤
1
2− ψ1i
‖eRi‖2 . (243)
Consider the quantity eT3R
T
ci
Rie3, which represents the cosine of the angle between
b3i = Rie3 and b3ci = Rcie3. Since 1− Ψi(Ri, Rci) represents the cosine of the eigen-
axis rotation angle between Rci and Ri, we have e
T
3R
T
ci
Re3 ≥ 1−Ψi(Ri, Rci) > 0 in D1.
Therefore, the quantity 1
eT3 R
T
ci
Rie3
is well-defined. We add and subtract fi
eT3 R
T
ci
Rie3
Rcie3
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to the right hand side of (241) to obtain
δu =

−f1
eT3 R
T
c1
R1e3
Rc1e3 −X1 + (M1T + m0n )ge3
−f2
eT3 R
T
c2
R2e3
Rc2e3 −X2 + (M2T + m0n )ge3
...
−fn
eT3 R
T
cn
Rne3
Rcne3 −Xn + (MnT + m0n )ge3

. (244)
where Xi ∈ R3 is defined by
Xi =
fi
eT3R
T
ci
Rie3
((eT3R
T
ci
Rie3)Rie3 −Rcie3). (245)
Using
− fi
eT3R
T
ci
Rie3
Rcie3 = −
(‖Ai‖Rcie3) ·Rie3
eT3R
T
ci
Rie3
· − Ai‖Ai‖ = Ai, (246)
the equation (244) becomes
δu =

A1 −X1 + (M1T + m0n )ge3
A2 −X2 + (M2T + m0n )ge3
...
An −Xn + (MnT + m0n )ge3

. (247)
Substituting (100) into the above equation, (239) becomes
Mx¨ + Gx = B(−Kxx−Kx˙x˙−X) + g(x, x˙), (248)
where X = [XT1 , X
T
2 , · · · , XTn ]T ∈ R3n. It is rewritten in the following matrix form
z˙1 = Az1 +B(BX + g(x, x˙)), (249)
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where z1 = [x, x˙]
T ∈ R2Dx and
A =
 0 I
−M−1(G + BKx) −M−1BKx˙
 ,B =
 0
M−1
 . (250)
We can also choose Kx and Kx˙ such that A ∈ R2Dx×2Dx is Hurwitz. Then for any
positive definite matrix Q ∈ R2Dx×2Dx , there exist a positive definite and symmetric
matrix P ∈ R2Dx×2Dx such that ATP + PA = −Q according to [63, Thm 3.6].
d) Lyapunov Candidate for Simplified Dynamics
From the linearized control system developed at section 3, we use matrix P to intro-
duce the following Lyapunov candidate for translational dynamics
V1 = zT1 Pz1. (251)
The time derivative of the Lyapunov function using the Leibniz integral rule is given
by
V˙1 = z˙T1 Pz1 + zT1 P z˙1. (252)
Substituting (249) into above expression
V˙1 = zT1 (ATP + PA)z1 + 2zT1 PB(BX + g(x, x˙)). (253)
Let c3 = 2‖PBB‖2 ∈ R and using ATP + PA = −Q, we have
V˙1 ≤ −zT1 Qz1 + c3‖z1‖‖X‖+ 2zT1 PBg(x, x˙). (254)
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The second term on the right hand side of the above equation corresponds to the
effects of the attitude tracking error on the translational dynamics. We find a bound
of Xi, defined at (245), to show stability of the coupled translational dynamics and
rotational dynamics in the subsequent Lyapunov analysis. Since
fi = ‖Ai‖(eT3RTciRie3), (255)
we have
‖Xi‖ ≤ ‖Ai‖‖(eT3RTciRie3)Rie3 −Rcie3‖. (256)
The last term ‖(eT3RTciRie3)Rie3 − Rcie3‖ represents the sine of the angle between
b3i = Rie3 and b3ci = Rcie3, since (b3ci ·b3i)b3i−b3ci = b3i×(b3i×b3ci ). The magnitude
of the attitude error vector, ‖eRi‖ represents the sine of the eigen-axis rotation angle
between Rci and Ri. Therefore, ‖(eT3RTciRie3)Rie3 − Rcie3‖ ≤ ‖eRi‖ in D1. It follows
that
‖(eT3RTciRie3)Rie3 −Rcie3‖ ≤ ‖eRi‖ =
√
Ψi(2−Ψi)
≤ {
√
ψ1i(2− ψ1i) , αi} < 1, (257)
therefore
‖Xi‖ ≤ ‖Ai‖‖eRi‖
≤ ‖Ai‖αi. (258)
We find an upper boundary for
Ai = −Kxx−Kx˙x˙ + u∗i , (259)
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by defining
‖u∗i ‖ ≤ B1i , (260)
for a given positive constant B1. defining Kmax ∈ R
Kmax = max{‖Kx‖, ‖Kx˙‖},
and then the upper bound of A is given by
‖Ai‖ ≤ Kmax(‖x‖+ ‖x˙‖) +B1
≤ 2Kmax‖z1‖+B1. (261)
Using the above steps we can show that
‖X‖ ≤
n∑
i=1
((2Kmax‖z1‖+B1)‖eRi‖)
≤ (2Kmax‖z1‖+B1)α, (262)
where α =
∑n
i=1 αi. Then, we can simplify (254) as
V˙1 ≤− (λmin(Q)− 2c3Kmaxα)‖z1‖2 +
n∑
i=1
c3B1‖z1‖‖eRi‖+ 2zT1 PBg(x, x˙). (263)
e) Lyapunov Candidate for the Complete System
Let V = V1 + V2 be the Lyapunov function for the complete system. The time
derivative of V is given by
V˙ = V˙1 + V˙2. (264)
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Substituting (263) and (238) into the above equation
V˙ ≤ − (λmin(Q)− 2c3Kmaxα)‖z1‖2 + 2zT1 PBg(x, x˙)
+
n∑
i=1
c3B1‖z1‖‖eRi‖ −
n∑
i=1
λm(W2i)‖z2i‖2, (265)
and using ‖eRi‖ ≤ ‖z2i‖, it can be written as
V˙ ≤ − (λmin(Q)− 2c3Kmaxα)‖z1‖2 + 2zT1 PBg(x, x˙)
+
n∑
i=1
c3B1‖z1‖‖z2i‖ −
n∑
i=1
λm(W2i)‖z2i‖2. (266)
The 2zT1 PBg(x, x˙) term in the above equation is indefinite. The function g(x, x˙)
satisfies
‖g(x, x˙)‖
‖z1‖ → 0 as ‖z1‖ → 0.
Then, for any γ > 0 there exists r > 0 such that
‖g(x, x˙)‖ < γ‖z1‖ ∀‖z1‖ < r.
Therefore
2zT1 PBg(x, x˙) ≤ 2γ‖P‖2‖z1‖2. (267)
Substituting the above inequality into (266)
V˙ ≤ − (λmin(Q)− 2c3Kmaxα)‖z1‖2 + 2γ‖P‖2‖z1‖2
+
n∑
i=1
c3B1‖z1‖‖z2i‖ −
n∑
i=1
λm(W2i)‖z2i‖2, (268)
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and rearranging
V˙ ≤ −
n∑
i=1
(
λmin(Q)− 2c3Kmaxα
n
‖z1‖2
− c3B1‖z1‖‖z2i‖+ λm(W2i)‖z2i‖2)
+ 2γ‖P‖2‖z1‖2, (269)
we obtain
V˙ ≤ −
n∑
i=1
(zTi Wizi) + 2γ‖P‖2‖z1‖2, (270)
where zi = [‖z1‖, ‖z2i‖]T ∈ R2 and
Wi =
λmin(Q)−2c3Kmaxαn − c3B1i2
− c3B1i
2
λm(W2i)
 . (271)
By using ‖z1‖ ≤ ‖zi‖, we obtain
V˙ ≤ −
n∑
i=1
(λmin(Wi)− 2γ‖P‖2
n
)‖zi‖2. (272)
Choosing γ < n(λmin(Wi))/2‖P‖2, and
λm(W2i) >
n‖ c3B1i
2
‖2
λmin(Q)− 2c3Kmaxα, (273)
ensures that V˙ is negative definite. Then, the zero equilibrium is exponentially stable.
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